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ABSTRACT 

A method has been developed for modelling the cat middle eaL 1I511lg 

structural fimte-element analysis. One aim of thlS research lS to model 

the changing ossicular axis of rotatlon. Anatomical inforlllcltion 1S input 

to the computer by digi tizlng outlines of structuLes of InteLest from 

seriaI-section slides. The resultlng three-dirnenslonal volume is 

discretized lnto tetrahedral elements USlOg a previously developed mesh 

generator developed ta mesh uregularly shaped abjects. F'urther 

development of this generator was done ta allow 1 t to handle more 

complex abjects. Preliminary static models of a test structure and of a 

simple llgament Indlcate that the rnodelling scherne develaped is capable 

of modelling the cornplex structures in the mlddle ear. Further 

improvements requlred in the mesh generator, such as the need for a more 

robust two-dirnenslonal contour triangulation algorlthm, are Identlfied. 

The proposed di rection of future work on the middle-ea [ mode Ils desc n hed. 
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Une méthode de modélisation de l'oreille moyenne du chat a été 

développée en utillsant la méthode des éléments f' nis. Un des buts de 

cette recherche est de modeler les changements de l'axe de rotation des 

osselets. Comme données anatomiques on utilIse, en fjrme numérIque, les 

contours des tranches en séne des structures pertlnerltes. En utllisant 

une méthode de maIllage pour des obJets de forme urégulière qu'on a 

développée auparavant, le volume résultant est divisé en des éléments 

tétraédnques. On a développé plus loin cette méthode pour permettre de 

traIter des obJets plus complexes. Des modèles statIques préliminaires, 

d'unp structure d'essaI et d'un ligament simple, indiquent que la 

méthode est capable de modeler les structures complexes de l'oreille 

moyenne. On Identl he aussi des améhora'':'lons nécessaHes à cette 

méthode, comme un algon thme plus robuste pour trianguler des contours 

bl-dlmenslOnnels. On propose la direction à suivre pour des travaux 

futurs SllL- ce modèle de l'oreille moyenne. 
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OIAPTER 1 

INTRODUCTICJIl 

1.1 OBJECTIVES 

It is becoming increasingly clear that the mechanical behaviour of 

the middle ear is more complex than previously thought. Tradi tionally, 

the middle ear has been thought of as a lever system whose aXIS of 

rotation remains in a relatively fixed position. Recent evidencp 

indicates that this aXlS of rotatIon changes wlth frequency in a 

complicated manner. 

Fini te-element analysis is a method well suited to the detalled 

analysis of complicated mechamcal systems. ThlS thesls descnbe& 

preliminary work on the design and implementatlOn of a flnite-element 

model of the mlddle-ear oS51cle5 and Important soft tissuer. By 

combining this model W1 th a previously developed hm te-element moclel of 

the eardrum (Funnell et al., 1987), a quantltatlve undeLstandll1g of the 

mechanical behaviour of the middle ear should be obtalned. 

There are a number of rea50ns why a better quantltative 

understanding of the mpchanical behavlour of the mlddle ear IS requlred. 

Much research 1S currently belng focussed on hlgh--frequency hearing loss 

in humans. Research ln this area 15 hindered by the dlfflculty of 

charactenzing the high-frequency lnput ta the r:Qchlr:il. ThIS 1 n[Jllt u, 

strongly affected by the mlddle ear, but currently 8'/.=tJlahlr: mr)r)F?]S of 

the middle ear do not provide much inslght lnto thr:: mFècham cal o[Jf!LattrJn 

of this structure at high frequencies. The hm tV-81ement model should 

help ta address this problem. 

A fini te-element middle-ear model should help in the desIgn and 



choice of techmques for mlddle-ear surgery and should aid in the 

chnical evaluation of mlddle-ear and inner-ear function. It should help 

aho ln the desIgn and fittmg of hearing aids. The research involved 

ln developlng this model is Important ln advancing fini te-element 

analysls techniques for blological structures in general. 

1.2 îHESIS OUTLlNE 

ThIS thesis describes work done in developing and testing tools 

needed to construct a structural finite-element model of the middle ear. 

P[n] Imlnary work on thlS model will be presented. The tools described in 

thlS thesis wIll eventually be used ta model the dynamic behaviour of 

the mlddle ear as a whole. 

Chapter 2 lS a reVlew of the anatomy of the mlddle ear. Chapter 3 

dlscusses expenmental observations on the structure and function of 

the mlddle ear. It descnbes currently available models of the middle 

ear and a brief dIScuSSIon of the material l:J~f)perties of structures in 

the mlddle ear is Included. Finally, i t: outlines the computer-based 

flnl te-element model belDg developed dutlOg the course of this 

lesearch. Chapter 4 explalns the finite-element method and briefly 

de sc nbes flni te-element packages available for structural analysis, 

Including the package modlfied and used for this mode!. 

Serlal-sectlOIl hlstological slides are used as the anatomical 

b.lS1S fOL the model of the ossicles and important soft tissues. Chapter 

5 desn Ibps the /llstolaglcal data used and outlines the system used ta 

lnput tins data ta the computer and ta redlsplay it. Chapter 6 describes 

VJrlOUS mesh-generation techmques used to define fini te-element meshes. 

In pal t lcular 1 t describes a serlL'C: o[ three-dlmensional mesh-qeneration 

computer pLOgrams (Boubez, 1986b) that were tested, debugged, enhanced 

2 



and automated during the course of thlS research. The result ing masteL 

program is used to create meshes of middle-ear structures based on the 

data input from the histological slldes. 

Chapter 7 describes preliminary results of a static fimle­

element analysis of a test structure and of a simple ligament model. 

Finally, Chapter 8 outlines concluslom; drawn fLom thlS preliminaLY wOlk 

and describes future work needed to complete the modelllOg of the stéltiC 

and dynamic behaviour of the middle ear. 

3 
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REVIEl'lOF MIDDLE-FAR ANA'lœY 

2.1 INTRODUCTION 

The middle ear serves as an impedance-matching transformer. It 

transforms the acoustic sound pressure in front of the tympanic 

membcane, or eardrum, into penlymph fluld pressure in the cachlea, or 

Inner ea[. The cochlea converts the mechamcal energy tr:-ansmitted by the 

nnddle ear to neur:-al actlVi ty capable of belng analysed by higher 

processing centers of the central ner:-vous system. Direct acoustical 

stimulation of the cochlea would be ineffective because of the high 

impedance of perilymph fJuid as compared to air. 

2 . 2 'L'HE HUMAN MIDDLE EAR 

2.2.1 Introduction 

'1'0 under:-stand how the middle ear acts as a transfor:-mer, a review of 

the anatomy of Impor:-tant structures in and ar:-Otmd the m1ddle ear Üi 

necessary. The human ear is illustrated in Figure 2.1. The middle-ear 

cavl ty is of complex form and consists of three parts. The main part of 

the cavity IS the tympanum which lies behind the ear:-drum. Above and 

extenchng backward and laterally lS the epi tympanum. Still farther 

bùckward and laterally IS the mastOld antrum (not shawn in the figure) 

Wh1Ch is connected to numerous and uregularly placed air cells. These 

all--fillE'd cavitles are connected ta the outside world via the 

Eustachian tube. The cavities contain the ossicles, a sedes of three 

bones: the malleus, the incus and the stapes. Two windows exist between 

1 the middle ear:- and the Inner ear:-, the round window and the oval window. 
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An annular ligament connects the footplate of the stapes to the aval 

window. 

2.2.2 The Eardrum 

The eardrum is approximately 0.1 mm thick and lies obliquely in the 

ear canal as shawn in Figure 2.2. It i5 held firrnly in a little groove 

in a bony ri ng formed by the walls of the canal except in a region at 

the upper border where the ring is lncomplete, called the notch of 

Rivlnu5. The eardrum has a conical shape whose deepest pOInt, the umbo, 

pOInts toward the mlddle ear. The sldes of this cone are convex outward. 

The eardrum contaInS the manubnum or handle of the malleu5. The 

manubrium is embedded ln the eardrum along the radius of the eardrum, 

and runs from the notch of Rlvinus to the umbo. The m:mubrium-eardrum 

interaction i5 complicated and qui te dependent on the structure and 

functlon of the eardrum. Funnell and Laszlo (1982) give a thorough 

reVlew of eardrum structure and functlon. 

The typical marnmalian eardrum consists of two main areas, the pars 

tensa and the pars flacclda. The pars tensa, a very thin sheet of 

connectIve tIssue, lS surrounded by a thlCk fibrous annular ligament 

that anchors it ta the wall of the ear canal around most of its 

cHclunference. (ThIS annular ligament should not be confused with the 

annulélr llgament connecting the footplate of the stapes to the oval 

window.) The sectIon of the annular ligament not anchored to the bone is 

connected to the more elastic pars flacClda, which is at the superior 

part of the drum. The manubrium is embedded in the pars tensa. 

The eardrum lS composed of three layers. Within the middle layer 

are four sublayers, two of which form the main structural components of 

the eardrum. The innermost of the two layers is composed of circular 

6 
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flbres while the outermost lS composed of radial fibres. These fibre 

layers consist of parallel arrays of fibres in a meager matrix of ground 

substance. 

2.2.3 'rhe Ossicular ChaIn 

The he ad of the malleus articulates with the incus and the incus 

artlculates vlith the stapes, a stirrup-shaped bone. This ossicular chain 

lS suspended ln the middle-ear cavities by a number of ligaments and 

muscles (FIgures 2.2-2.3). In the hwnan there are four ligaments. The 

first lS the anterlor malleolar lIgament, connecting the anterior 

process of the malleus ta the anterior wall of the middle ear. The 

second llgament is the lateral malleolar lIgament, joining the lateral 

portIon of the neck of the malleu5 to the edge of the notch of Rivinus. 

The thud ligament lS the postenor lncudal lIgament, connecting the 

short process of the incus to the posterior wall of the epitympanum. It 

1S extremely thlck and lS dlvided lnto lateral and medial bundles. The 

lùteral bundle 15 thicker and stronger than the medial one. The fourth 

llgament lS the annular ligament connectlng the footplate of the stapes 

ta the aval wIndow. Accordlng to Kobayhashi (1954b), the 50-called 

superlor malleolar ligament lS merely a fold of mucous membrane. 

In the human, as in most mammals, there are two muscles as 

l11ustrated in FIgure 2.3. The body of the tensor tympani muscle lies 

ln ù canal that runs above the Eustachlan tube. The muscle fibres are 

attached at the anterior end to the canal walls and run posteriorly to 

Insert Into the tensor tyrnpani tendon. ThIS tendon is attached to the 

upper pal t of the manubnUID of the malleus. The stapedlus muscle lies in 

an almost vertIcal canal postenor to the tympanic cavity. The muscle 

fIbres are attached at one end to the bony walls of the canal and at the 

8 
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other end to the stapedius tendon. ThlS tendon is attached at the 

posterlor aspect of the neck of the stapes. 80th muscles are composed of 

numerous short flbres grouped ln parallel. This /h'I1I1a{C type of muscle 

provldes much tension and EtUe dlsplacement. Upon contraction both 

muscles exert tension lateral to the course of the ossicular chain. 

These muscles are involved in the middle-ear reflex (Wever & Lawrence, 

1954) • 

2.2.4 The Cochlea 

The cochlea or inner ear is a spiral-shaped passage in the temporal 

bone lying medial to the middle ear as illustrated in Figure 2.1. It is 

ùlvidp.d lengthwlse into three fluld-fllied tubes. The first tube, the 

scala vestibuli, is ln contact with the oval window via the fluid-filled 

vestIbule of the cochlea. The floor of the scala vestlbuli is Reissner's 

membrane WhlCh borders on the second fluid-filled tube, the cochlear 

duct. The noor of the cochlear duct 1S the basilar membrane which 

borders on the third fluid-fllled tube, the scala tympani. The scala 

tympan! 1S ln contact Wl th the second opening to the mlddle ear, the 

mcmbrane-covered round window. 

vibration of the stapedial footplate in the oval window creates a 

wavc of pressure in the scala vestlbuli. This wave propagates along the 

sCillil vestibull to its apical end and back through the scala tympani to 

the round window. As the wave propagates, most of its energy is 

(11 SSlpdted dl rectly through Reissner' 5 membrane to the cochlear duct and 

ln tUt n through the basilar membrane. The vibratlon pattern of the 

basllar membrane determlnes the resultlOg neural activity mentioned in 

the Int roductlon to thlS chapter. 

10 
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2 • 3 THE CAT MIDDLE EAR 

The model developed ln the course of this research is of a cat 

middle ear, because expenmental data on the cat middle ear are mou~ 

abundant than are data on the human m1ddle ear. The use of cats, 1nstead 

of humans, in experlmental work has the advantage that mcaSlILements may 

be taken ln V1VO, Instead of ln cadavels. Thus, these meaSlllements ,ut> 

not as susceptible to degenerative effects. AIso, the mlddle car of the 

cat permits a relatively easy access to the CJldu.lffi êlnd mIdcUe-CJl 

cavities. It should be noted that the modelhng pLOcedmc used hele fOl 

the cat could easily be used ta model a human mlddle ear. 

The overall anatomy of the cat mHldle ear lS slmllal to thëlt of the 

human but there are n . .unerous difü~L2nces 10 detall. FIgure 2.4 shows a 

schematlc representatlOn of both the cat and human osslcles and 

cavities. The epi tympanum ln the cat lS conslderably srnalleL than in 

human and there lS no antrurn. The tyrnpanum is conslderably larget ln the 

cat and 15 d1V1ded into two cav1ties, the ectotympanum (sometlmes 

referred ta as the bulla caVl ty) and the entot ympanum ~ sometimes 

referred ta as the mlddle-ear caVlty). These cavltles are separaterl by a 

bony septum and only a small opening or foramen is left between them. 

The three osslcles of the cat are Slmllar te those of the human. 

The manubrium 15 simllarly connected ta the eardrum, as 15 the stdpes to 

the oval window. There are two muscles, the stapedlus and tensor 

tympanl, acting ln much the same manner as 1 n thç· h1Jman. In thr~ ('rit, 

only the postenor incudal llgament and the annula t llfji'lml!Tlt at trl(! 

stapes have true ligamental structure. Accordlng to K(Jbayash l (19S4i'1), 

the anterlor, lateral and superlor malleolar llgaments arc Pl ther folds 

of mucous membrane or absent completely. In the cat, ,y) ln th~ hUII1an, 

the posterior incudal ligament is extremely thlck and 15 dlVlded inta a 
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thicker and stronger lateral bundle, and a thinner 311d weaker medle\! 

bundle. 

2.4 CONCLUSION 

The eardrurn and the bones and soft tlssues of the middle eéH éue 

important in understandlng the transformer action of the ffilddle eaL. 

This transformer action will be dlscussed ln the next chaptet. 

Previously developed mathernatical models of middie-ear function wIll be 

described, and the motlvation for developlng a flnite-element model will 

be discussed. 
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œAPI'ER 3 

EXPERIMEN1'AL OBSERVATlOOS œ AND K>DELS OF MIDDLE-EAR FUNCTlOO 

3.1 INTRODUCTION 

This chapter describes sorne experlmental observations on the 

transformer action of the middle ear, and also describes a number of 

models of the middle ear that have been developed to model this action. 

'l'he motI vatlOn for developlng a hm te-element model of the middle-ear 

ossicles and Important soft tissues will be dlscussed. A brief 

dlScussion of the rnaterial properties of structures ln the middle ear is 

included. Flnally, the outllne of a proposed finite-element middle-ear 

model wlll De presented. 

3.2 THE MIDDLE-EAR TRANSFORMER 

One method of transformer action (Helmholtz, 1869) depends on the 

aleal ratio of the eardrurn ta the oval window. Most of the force of the 

al r pressure at th~ eardrum lS transmi tted to the oval window via the 

iootplate of the stapes. Due ta the srnaller area of the aval window, 

pressure IS Increased. This areal ratio depends not on the actual 

menilll ane a reas but rather on the cl f ('( Il l'C areas of the two membranes. 

'l'he effectIve area of a membrane lS the area a rigid piston would need 

ta have, ln otder ta displace a volume of air equal to the volume of air 

actually displaced when the membrane lS deformed, for sorne tII'l'loge 

membrane dlsplacement. These effective areas are highly dependent on the 

vlblatlon pattern ln the middle ear and on the particular shape of the 

eardrurn. Wever and Lawrence (1954) estimate that the effective area 

14 



ratio is approxirr~tely 24.3 in the cat and 14.0 in the human. 

3.2.2 Lever Action of the Ossicular Chaln 

A second method for securing a mechanical advantage ln the middle 

ear i5 the lever action of the osslcular chaIn. BeCéluse of the 

complicated geometry and method of suspension of this chain, tilt' 

physical basis of this lever actIon is hard to determlne. 

Wever and Lawrence (1954) postulated an ossicular lev~r system fOL 

the cat. This postulated system was based on expenmentG that they 

performed on anesthetized cats. These expellments lnvolved driving 

points on the rnanubnum and on the incus wlth a constant-dlsplacement 

driver at audio frequencies and obserVlng the cochlear potentlal ilt the 

round-window membrane. The magnitudes of these cochlear potentials wele 

assurned ta be proportiona1 to the amplltud~ of the lüsultlOg stapes 

motion. They performed a senes of four expenments ta determine the 

probable axis of rotation of the ossicular chajn. 

The purpose of the flrst series of experlments was ta determlne if 

a lever system did exist and if 50 ln WhlCh dHection the effective 

force arm of the system ran. Vanous points along the manubrium, fram 

its tip ta its base, were stimulated. The resulting cochlear potentials 

increased as the point of stImulatIon moved closer ta the base of the 

manubrium. The pattern of these pOInts lndicated where the force arm was 

and that its fulcrum was near the base of the manubrIUm. 

The second series of expenments involvfxl dr 1 '11n(] d pOInt on the 

tip of the manubrlum alternately with one at the end of the long procees 

of the incus. The resulting potentlals were consl<,tently hlgher when 

stimulating the incus, for aIl frequencles tested between 100 Hz and 10 

kHz. For frequencies between 100 Hz and 1 kHz the mean ratlO of 

15 



potentlals resulting from lncus stimulation ta those resulting from 

manubnal stimulation (averaged over three cats) was 2.5. This value 

represents the osslcular lever latlo in the cat. 

The thHd senes of expenments was performed to determine the 

locus of thf~ fulcrum of the incus. As the point of stimulation of the 

incus approaches the fulcrum of the lOCUS the resulting potentials 

should approach InfInlty. (In fact they were observed to become highly 

irregular at thlS pOInt. ) 

The last series of experiments indicated the probable position of 

the aXlS of rotatIon of the ossicular chain. Once the incudal lever arm 

hm! been roughly identlfied, from the third series of experiments, the 

rllstance of a number of manubnal driving points from the axis of 

rotatlOn could be calculated. ThIS dIstance is equal ta the length of 

the incudal lever arm, tlmes the ratlo of the potential resulting from 

onvlng the incus, over that resulting from driving the manubrium. 

Knowlng a number of these dl stances , the probable ossicular axis of 

lotatlon could be determined. Weyer and Lawrence postulated the axis to 

run trom a pOInt on the short process of the incus (from the posterier 

Incudal ] 19ament) te a pOlnt on the antenor j,Jrocess of the malleus (at 

the ant('oor malleolar lIgament) as shown in Figure 3.1. 

A number of previous researchers had postulated an axis of rotation 

fOL the human middle ea!:" simllar to that pro)Josed by Weyer and Lawrence 

fOl the cat (i.e. runnlOg approXlmately from the poste rio!:" incudal 

hgùment to the antenor malleolar llgament). Dahmann (1929, 1930 as 

dcscribed by ~'level and Lawrence) fo!:"mulated a system by observing 

angular deflections of hght from small m5 Hors set up within the human 

middle eal. He located the maln vibratory axis of the ossicular system 

by noting that a maror on a rotational aXIS produces no deflection of a 

16 
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FIGURE 3.1: PROBABLE OSSICULAR AXIS OF RaI'ATION OF 'l'HE CAT 
acc0rding to Wever and Lawrence. 

The figure is in the plane of the annular ligament of the eardrum. 
Line cd (oriented 34 degrees above this plane) lS the probable 
ossicular axis of rotation. (After We'/er and Lawrence, 1954) 
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light beam along the line of the aXIS but only in a plane perpendicular 

to the aXIS. His calculated lever ratio is 1.31:1. Békésy (1941) 

deduced a simllar position of the aXIS of rotatIon by noting that the 

cutting of the postenor !ncudal ligament and the antenor malleolar 

lIgament caused no change ln the vlbratory amplitude of the stapes when 

drlven by hIgh-frequency sound lntroduced at the ear canal. He assumed 

the llne jOlninr ~hese lIgaments cOlncided with the center of gravit y of 

the osslcles themselves and thus, by reason of distribution of their 

masses alone, they rotated about thlS axis. 

Other researchers have postulated somewhat different lever systems. 

Based on hlS morphological and functlOnal studies of the middle ear, 

Helmholtz postulated that the human ossicular chain formed a single 

lever system wlth a lever ratio of 1. 5. Furnagalli (1949) based his 

middle-ear lever system on extensIve morphological studles of various 

animaIs, IncludlOg man. He proposed two vlbratory axes, one with a lever 

ratIo of 1.3:1 for low tones (similar to that proposed by Dahmann) and 

one with a ratio of 10:1, for higher frequencies. Stuhlman (1937) 

studied a large-scale model of human ossicles he had made after 

observlng hWTIdI1 middle ears. He came up wlth three different lever 

ratIos, dependlng on whether the joint between the malleus and incus was 

flxed (1.27:1) and, If It were not, depending on whether the vibratory 

motIon of the eardrum-osslcular chain was inward (2:1) or outward (1:1). 

The lever systems mentlOned in this paragraph we.:e determined at large 

displacements and thus possibly outside the normal operating range of 

the middle ear. 

More Lecent researchers have formulated middle-ear models (Onchi, 

Molle r, Zwi slock i, Peake and Guinan, Lynch) and have agreed wi th the 

pOSI bon of the osslcular axis of rotation proposed by Weyer and 
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1 Lawrence, at least for lower frequencies. Their models will be describC'd 

later in this chapter. 

3.2.3 Eardrum CUrvature 

A third method of transformer actlon, proposed by Helnùlol t;'o, 

depends on the particular curvature of the eardrum. The radlal flbl0S of 

the drum are anchored fumly at one end to the edge of the bony tympill1lC 

ring and at the other to the manubnum. 'l'he middle section 15 rdClt l VP} y 

free to move ln response ta sound pressurt-. Sound waves hlttlOg thl;, 

free section were thought ta be transformed ta smaller ampll tude, 11lghel 

pressure vibrations at the manubrium tIp by the lever ùC't lon of thp 

eardrum i tself as lliustrated ln Flgure 3.2. ThIS lever rat 10 would he 

highly dependent on the amount of curvature ln the radlal fibres. 

Using a capacitive probe, Békésy (1941) made rneasmements of hllllkll1 

cadaver eardrum vibration patterns. The one flgure publlshed wllh his 

results Indicated that the central portion of the drum expenenced no 

bending in the dlfectlon at right angles to the manubrIum ùnd lncheatp(] 

the eardrum vibrated as ct whole. ThlS contradlcted Hel~loltz's 

hypothesls. However, later measurernents of vlbratlon patterns by Khannn 

and Tonndorf (1972) indicated displacements were greatest partway 

between the manubrlum and the annular llgament and were greatest in the 

posterior segment of the drum, indlcatlng Helmholtz' s hypothesis mlght 

be correct. It is apparent that an accu rate representatHm (Jf f'ardrum 

shape and mechanical characteristlcs 15 requHed tù dc:tr;unln f ! 'Ilhat ]f:'/f![ 

action, if any, exists ln this structure. 

14 
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FIGURE 3.2: LEVER ACTION OF THE EARDRUM 

20 

The eardrum is shawn in cross section. A sound pressure s applied ta the 
radial fibers of the eardrum is transformed into relatlvely large forces 
\' and \,' at the ends of the fibers. The force \' has a horizontal 

component il which tends ta move the center of the eard[wn inward. 
(From Weyer and Lawrence, 1954) 
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3.3 LUMPED PARAMETER MODELS 

3.3.1 Introduction 

The aim of a good middle-ear model 1S to determine the precl se 

nature of the middle-ear transformer, especlally its dependencp on 

frequency. Mathematical models of the middle ear have been used fOL m.. .. my 

years to model its transfer characterlstlcs. All models of the osslculùl 

chain, and most models of the eardrum, have been lumped-patameteL 

models, usually cast ln the form of mechano-acoustical Cl rcUl ts OL 

equivalent electrical Clrcuits. Lumped model!", attempt to lump ceL tain 

characteristics of a system in large discrete ci rcult elements. 'l'hese 

circuits may then be analysed uSlng ordinary dlfferentlal equatlOns. 

21 

A mathematlcal equlvalence may be formulated betwecn acoustlcal, 

electrical and mechanlcal clrcuits. All these clrcuits have three 

generic quantitiesi quantlty CI is the drop across an element, quantlty /1 

is the flow through an element, and quanti ty ( l s the magm tude of an 

element. As long as the product of the drop across an element (/ and the 

flow through an element /) has the um ts of energy per UI1l t time an 

analogy may be drawn (Beranek, 1954). 

In most middle-ear circuit models the followll1g analogies, 

summarized in FIgure 3.3, are drawn. The flow through an element fi 1S 

electrical current, mechanical velocity or acoustical volume velocIty. 

The drop across an element /J is electncal voltage, mechanlcal force or 

acoustical pressure. Electrlcal capacltors, m0ch~nlraJ ~pl lngs and 

acoustical cavities are equivalent elements. Elr..:clll(oi lnrluctfJuJ, 

mechanical masses and acoustlcal tubes are also eCpJlvé..tlent dl;ments. 

Electrical resistors, mechanlcal dashpots and acoustlu..tl mr~sh(!~~ are a 

third set of equivalent elements. These elements have magnitude { . It 

should be noted that a number of circuit models Include transformers as 
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an element to represent the interface between dlfferent modes (l.e ê\ 

transition between electrical, mechanical or acoustlcal circuits) Ol ta 

represent a lever action. These elements may be avolded by absorbing 

their transformer ratios into the values of other circuit elements. 

3.3.2 Exarnples of Lumped Pararneter Models 

Guinan and peake (1967) observed osslcular motion in the 

anesthetized cat visually wlth stroboscopic illuminatlOn. They measurect 

stapes displacement ln response to tones of known sound pressure. These 

experiments were perforflled on ears WI th tympanic caVl tles open but a 

correction was made for this, sa the transfer functlOn of the middle eal 

with cavlties intact could be calculated. They determlned a Ilnear range 

of up to 130 dB in response to tones of less than 2000 Hz and 140 dB for 

tones below 3350 Hz. ObservatIons on human cadavers Indlcate that thete 

is a large rocking motion at the stapes, but the cat stapes was 

predomlnantly piston-like lO motion. For frequenCl 'S below 3000 117., the 

ossicles were seen ta move as one rigld body. Above thùt howcver the 

displacements of the incus and the stapes lagged behind those of the 

malleus, posslbly due ta flexing of the incudomalleolar JOlOt. They 

concluded that the ossicular ' lever rabo' 111 the cat was frequency 

dependent, but for frequencies below 3000 kHz It was constant and equal 

to two. Below 7000 Hz it was determined ta be approxlmately constant and 

equal to two. 

The circuIt model denved from the expeflmentr~ pet trJlrnr:d (PeaKP li 

Guinan, 1967) is lllustrated as an electrlcal Clrcuit ln FIgure 3.4. AlI 

circuit illustrations of middle-ear models presentr:rJ ln thlS chapter 

will be in terms of electrical ClrCUl ts fr)[ conslstency. ln thlS model 

the pressure at the lateral end of the ear canal lS reduced by the flrst 
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FIGURE 3.4: CAT MIDDLE-EAR MODEL (After Peake and Guinan, 1967) 
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complex, which consists of the eardrum and malleus. The complex is 

modelled by an inertia (LEM)' a reslstance (I\.~I) and a compliance (Cnl ). 

The incudomalleolar jomt is not a5sumed ta be ng1d 10 tins model. Somc 

of the volume veloci ty 10 the m1ddle ear 15 lost ta the cochlea ((>nelgy 

is shunted past the cochlea) through the compllance (Cl M') of thl S 

joint. The incus/stapes/cochlea complex 1S represented by a compllance 

(CISC )' a resistance (Rrsc ) and an 1nertla (Ll~;C)' The pressure ln the 

middle-ear cavities is mode lIed by the acoust1c mass (LI") and 

resistance (~) of the foramen connectlng the entotympanum and 

ectotympanum, the acoustical compliance of the air ln the ectotympanum 

(CE CT) and the acoustical compliance of the air in the entotympanum 

(CE NT) • 

From observations on cadavers, Onchi (1961) proposed a Cl rcUl t 

model of the human middle ear. By measuring the Impedance at the eardlum 

for the normal ear and for the expenmentally modlfled ear he determined 

model parameters to fit his equatlons. HIS model 15 lliustrated in 

Figure 3.5. It differs from the cat model of Peake and Guinan because it 

includes the effect of the human antrum and mastoid cells rather than 

the effects of the ectotympanum and entotympanum. This model also 

differs from that of Peake and GUlnan ln that the eardrum 15 modelled as 

two parts. Sorne of the ene rgy a t the eardrum 1 s 5hunted pas t the 

ossicular chaIn through the compliance assoclated wlth the llfjamentous 

connection of the m1ddle portion of the earrlrum anrl t-hn m,1110lJ<, (r: ) • 
111' 

The other eardrum compllance ln the model (Ct) repr(?srmt c, thl' (rJrTlpllill1Ce 

between the middle zone of the eardrum and the hony ".Ji) 11 v/hf' rt; lt l S 

rigidly clamped. In thlS model the 1ncudomalleolar JOInt lS modellerl as 

rigld and the incudostapedial joint i5 mo:lelled as ncm-ngld, by an 

associated compliance. 
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MJ2$ller (1961) proposed a circuit model of the middle ear by takll\l] 

acoustic impedance measurements from live humans. By taklnq 

rneasurernents for different clinical situations he could determll1e tlll' 

effects of certain functional parts of the ffilddle eaL. FOL instance, 

rneasurements were taken dur1ng stapedlus muscle contLactlon, 

representmg the middle ear with stapes blocked. Good agteement betwel"n 

model and impedance measurements was found from 200 to 1800 IIz. His 

model 18 lllustrated ln Figure 3.6. It does not lncillde the effecls of 

the rniddle-ear cavlt1es. In this model energy 1S shllnted past lhf' 

ossicular chain by the impedance of the eardrum and past the cochlea by 

both the non-rigid Inclldostapedlal Joint and the non- [1g1(l 

incudomalleolar JOInt. 

Zwislockl (1962) eonstructed a circuit model of the nOLmal hUllk"ln 

ear based on the functional anatomy of the m1ddle ear. Paramecer values 

were derived from impedance measurements of normal and pathologleal ears 

and from anatomieal data. H1S model was valld for the range of 100 ta 

2000 Hz. Above that his datd were scarce and ineonclusive. Ills model 15 

illustrated in Figure 3.7. Energy is shunted past the eochlea by two 

separately vibrating sections of the eardrum. Energy 1S also shunter! 

past the cochlea by the non-rigid incudostapedlal Joint. ThIS model 

inc1udes the effects of the m1ddle-ear cavlties, the antrum and the 

mastoid eells. 

A model of the cat middle ear by Lynch (1981) 1 '> 111 w,tr;ltror) 1 n 

Figure 3.8 and is similar ta the model of Peakf.' and GUlnilO. 'l'hlrJ /nfldr:l 

differs fram that of Peake and GUlnan ln that l t IncludcfJ cln unr:fJUp] (~d 

portion of the eardrum. The components of the Im[Jp.danu· ()f thr-: mlfldl(~-

) , 
~I 

ear cavities, Z , were modelled uSlng four elcment'" as ln thr-! muId 
mec 

of Peake and GU1nan, and the value of Zm .. '_ agreed well '111th measurements 
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.. 
between 10 Hz and 10 kHz. Measurements of the admittance at the eardrum 

were made for various experirnental adjustrnents of thE' ossiculat chaIn to 

determine effects of certain ell.!ments ln the Impedance of thE' osslcull\l 

cha~n, Z . The complete interpretatlon of these results Jnto speciflC' 
oc 

anatomically identIfiable Cl [CUlt elements lS not included in the 

circuit dlagram of FIgure 3.8. 

One of the expenmental adJustments involved removing the cochleat 

'load' by interrupting the Incudostapedial JOInt. ThIS had a large 

effect on the eardrum input impedance between 800 Hz and 2.8 kHz. Z 
'" 

was largely Influenced by the cochlear load over this range but 

elsewhere i t was Influenced more by the ossicular chalO and thp ea rdrum. 

Bath Z and Z were mainly resistive between 2.1 and 3.0 kHz and 
mec oc 

thus a transformer ratio was calculated for thlS range of frequenry by 

taklng the ratio of a prevlously measured cochlear Impedance and the 

eardrum Impedance. The value of 52 calculated Impllcl tly lOcluded the 

area1-ratio lever action and the ossicular lever acbon. The portlOn of 

the eardrum not coupled to the malleus affected Z,,, above 4 kHz but was 

unirnportant below 1 kHz. Lynch found the low-frequency value of Zn' to 

be dependent on the annular ligament of the stapes and the eardrum 

compliance. By mass loading the ossicies i t was found that inertwl 

31 

effects had a small but noticeable effect on Z in the 2 kHz to 3 kHz 
0' 

region. 

lncluti.ed in the circuit diagram of Flgure 3.8 êlle rlr'mr!nt'i h('jrJprJ on 

a model by Lynch et al., 1982. They determwed th"? êlr:rJU'Jtl(, lmp(~danu' of 

the cochlea, and of the combined stapes and cochlr:a. They rlJ ri th 1 s hy 

measunng the complex amplI tudes of the sound prcsfJu lf: a t the s tap(~rJ, 

the stapes veloci ty, and the sound pressure ln the vestlbule, and by 

determining experimentally how modi flcatlons of certaln structures 
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Influenced the Impedance. They found that for the range 5 Hz to 5 kHz 

the impedances were mostly resistlve but were dependent on the basilar 

m~mbr-ane and cochlear fluid. At frequencles below 3 kHz the stapes­

cochlea impedance was greater than the cochlear impedance and was 

controlled by the stlffness of the annular ligament. For frequencies 

below 30 Hz, the Impedance of the cochlea was assumed, from Nedzelnitsky 

(1980), ta be determIned by the stIffness of the round window. This 

assumptlon was supported by measurements of the impedance of the stapes 

and cochlea for a senes of cochlear manipulatlons. 

The actlOn of the eardrum ln transmi tting vlbrations to the malleus 

1S ObVlOusly C'omplicated. To try to model this, Shaw proposed an 

eardrum model consisting of two 'zones' (Shaw 197ï, Shaw & Stinson 1983) 

or three 'zones' (Shaw & St1nson, 1986). In the two-zone model one zone 

modelled the freely Vlbrating portlon of the eardrum. The other zone 

modelled the portlO.1 of the eardrum tightly coupled to the malleus. In 

the three-zone model, the freely vibrabng zone of the two-zone model 

was SUl:xil vlded into antenor and poste,: lor zones of the eardrum. The 

zones ln these models were modelled as rigid pIstons each coupled 

togethpt by a frequency-dependent mechamcal impedance. At lower 

hequenClf'S the lmpedance represented the stiffness of the membrane 

~J0tween the zones. At higher frequencies i t represented the internal 

dJmptng of the membrane. 

Vlammg (1987) proposed a mlddle-ear model wlth either a two- or 

tluee- .'one drum model. In his three-zone model, one zone contained the 

malleus, the second zone represented the posteriol:" portion of the drum 

and the thl rd represented the antenor portion. The anterior and 

posterior zones were each coupled to the malleus zone but not ta each 

other. 
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• 
AlI of the above hunped-parameter models represent thE.> mechanicêll 

or acoustical behavlour of relatlvely large anatomicai structures or 

combinations of structures by a combinarion of lde<lllzed circuit 

elements or more dl rectly by a set of ordlI1ary dlfferentlal equatlons. 

These model parameters are not necessanly closely tled to physlcal or 

anatomical data. For example, the models previously mentioned lI1Volvp 

the assumed aXlS of rotation of structures ln the mIdcUe elH. If this 

axis is Incorrect then relatlng parameter values ta anatOlUlcal 

structures will gi ve misleadlng resul ts. If the axis of rotallon changes 

wi th frequency then parameter values are frequency dependenl and the 

mathematical forrnalism of the Ideal clrcult element lS destroyed. 

Recent experiments (Gundersen et al. 1976, Gyo ct al. 1987, 

Brenkman et al. 1987, Decraemer et al. 1989) lndlcate that thlS axis of 

rotation is net necessanly flxed and can vary conslderably with 

frequency. Decraemer et al. used a homodyne interterometer on cats wllh 

closed bulla to measure the relatIve VIbratIon amplI tude "nd phase 

between two p01l1ts on the manubrium. Assuming the malleus 15 r 19id and 

rotates around a certain fIxed aXlS, the relat 1 ve VIbratIon amplI tude of 

all points on the rnalleus may be calculated. The amphtude ratio was 

calculaterl for a pOlnt near the umbo and a point par tway between the 

umbo and the lateral process of the malleus. Assuming an osslcular aXIS 

of rotation running approxImately from the anterior malleolar hfJament 

to the posterior incudal ligament (1. e. simila r tü thiJt r;h()1}1Tl J n Pl (JlI[e 

3.1), the ratio was calculated te be O. 8l. 

For low frequencies the obst?rved value was 0.85. B(~b/(!pn 100 Ilz and 

10 kHz the observed value varied between 0.85 and 1 and then dropped 

down to 0.45 as the frequency l11creased past 10 kHz. Th..-! relatIve phaf,,': 

response of the two points varied also. These results are not conSlstent 
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wi th a simple rotation of the malleus and suggest that the mode of 

malleus vibration varies wi th frequency. rt is also possible that the 

manubrIum IS not rigide 

3.4 OfHER ~RUM MODELS 

Sorne of the problems associated with lumped-parameter rnodels of the 

eardrum have been addressed in a finite-element model of the cat eardrum 

presented by Funnell (1975). Instead of havmg two or three zones as 

dld the models of vlamlng, and of Shaw and Stlnson, thlS model may be 

interpreted as having N zones, where N is the number of finite elements. 

'l'he coupllng of these zones lS accompllshed implicltly ln the hni te-

clement analysls. ThIn, so-called shell fmite elements model the 

detalled geometry of the eardrum as lilustrated in Figure 3.9. Material 

propertles were estlmated from the literature. Parameter fittlng did not 

OC"CUL and the model could be Independently venfied from vlbratory and 

impedance measurements. Al though flni te-element analysis is 

computatlonally more expensive than lS lumped-parameter modelling, lt is 

useful ta complement and posslbly gulde lumped models. This finite-

elpment model was the fHst to present an eardrum model using the 

geometry and detalls of mechanical properties of it and surrounding 

st [llctules. 

VIbratIon patterns calculated from a statlc (low-frequency) finite­

ch>mcnt model (Funnell & Laszlo, 1978) agreed well wlth experimentally 

obse rved result s (Khanna, 1970). Important characteristics of the model 

weLe found to be the matenal stlffness and thickness, and the 

curva.ture, conlcal shape and anisotropy of the eardrum. Boundary 

condl tlOns and the POlsson' s ratio (the ratio of lateral strain ta 

longItudinal strain) of the eardrum material were found not to be 50 
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FIGURE 3.9: FINITE-ELEMENT 110DEL OF THE CAT EARDRUM 
The geometry of the cat eardrum is modelled by Funnell using 

shell elements. The umbo protrudes medially and is 
se en at the bottom rlght portion of the figure. 
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lmportant. 

lnertial effects were then included in the model (Funnell, 1983). 

The natural frequencies and mode shape 5 of the eardrum agreed 

reasonably well wi th expenmental resul ts (Khanna & Tonndorf, 1972). 

Results suggested that the conlcal shape and possibly the curvature of 

the eardrum ex tend lts frequency range. Ossicular parameters seemed to 

have 11 tUe effect on the natural frequencies and mode shapes of the 

eardrum. 

Finally, the effects on the eardrum of darnping were studied 

(Funnell et al., 1987). The experimental data needed to estimate the 

damplng are scarce, especially at high frequencies, 50 a range of values 

was used. A mass-proportional darnping coefflcient of 1.5 x 103 
S-l and 

a stiffness proportional term of zero agreed fairly weIl with 

expenmental eVldence Clted. In this model, the frequency response of 

the eardrun\ away from the manubrium showed sharp variations. For points 

on the manubnum the variatlons were smoother, even when there was no 

Osslcu]ar loadlng, lndicatlng that spat1al integration over the eardrum 

occurled at the manubrIum. This lS consistent with the experimental work 

of Decraemer et al. (1989). 

Another eardrum model that overcomes certain problems with lumped 

parameter models was proposed by Rabbitt and Holmes (1986). They 

ploposed an analytlc model based extensively on physical characteristics 

of the membrane, especially on the an1sotrople nature of the eardrum. 

l3endlOg, sheal and extenslonal stlffness equatlons are used ta describe 

stll.lctural damping, transverse inertla and membrane restoring forces. 

ThIS apploaeh complements the fim te-element analys1s approach. It is 

slmpler eomputat1onally, but the accuracy of the geometric and mate rial 

asslUl1pt1ons of tlus model are cntical ta its suecess. Everyassumption 
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and approximation made affects the subsequent problem formulation. It 15 

more difficult to change the assumpt10ns in tlus mode l than 111 Cl 

finite-element model where element material properties ffi..'\y be altNcd 

easily and successive mesh reflnements may be used. 

3.5 MOTIVATION FOR A FINI TE-ELEMENT MIDDLE-EAR MODEL 

The models of Rabbitt and Holmes and of Funnell et al. requlre a 

detailed model of the ossicular cham and cochlea. For the model of 

Rabbitt and Holme~, at h1gh frequenc1es the parameters selected to 

represent the ossicular chain corresponded to a rotatlOnal axis of the 

malleus which did not agree well wlth the low-frequt>ncy aXlS delplmin€'d 

experimentally. 

The dynamic behavlour of the ossicular axis of rotat1on appears of 

great importance ln understand1ng how the middle ear functions. Present 

models of the eardrum model the osslcular axis of rotatIon as flxed. 

Due te the mechanlcal ceupllng between the eardrum and the malleus, part 

of the force acting on the eardrum lS transmitted ta the malleus. Thu; 

coupling has yet to be adequately modelled. 

Finite-element analysis is a method that could model bath the 

manubrium/eardrum interaction and the resultlng motIon of the ossicular 

axis of rotation, especially at hlgh frequenCles where other models seem 

to break down. As was demonstrated ln the flnlte-element eardrum model, 

the detailed mechamcal behavlour of a comphcùtpr] mr:r h,:lnl r~;:Jl ',y',tr:m r:an 

be modelled using thlS method. A model of the OSS) r.1 P', ùnrl 1 mportant 

soft tissues in the mlddle ear, together Wl th thr; (~.ustlmJ eardrum 

model, would impllCltly model the lever actlOn, deLcrmlnln9 propertH~~, 

such as the effective area of the eardrum. 

Modelling of the dlstnbuted lnteractlOn of the annular l1gaî.ient 
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and cochlea could aiso be accomphshed wi th this technique. Recent 

research suggests that raised penlymph pressure changes the way the 

eardrum responds to contractions of the stapes muscles, probably due to 

a change ln stapes pOSI bon. A lumped model of the stapes and i ts 

lIgament and muscle has been developed ('TWeed, 1985). It was 

unsuccessful under certain conditIons, suggesting that another approach 

may be helpful. In the cochlear model mentioned earlier (Lynch et al., 

1982) eVIdence Indicated that the mechanically important parts of the 

annu1ar hgament may not be umformly dlstnbuted, and that they may 

not necessarlly occupy the annular space. The finite-element method may 

be useful ln analysing this situation. 

3.6 MATERIAL PROPERTIES 

3.6.1 Introduction 

Before further dIScussion of a middle-ear fini te-element model, 

C'h<'ll octp rl zatlon of the mate rial properties of the middie-ear 

conncctl ve tlssues and ossicles is required. This information is needed 

In order to describe the stress-strain relationships of the fini te 

plpmC'nts. The followlng is a brief discussion of these properties. 

',0.2 Connectlve Tissues 

1.6.2.1 IntroductIon 

Connpcti ve tl ssues are composed of fibres whi ch a re in turn 

composecl of collagen, elastin and other proteins. The mechanical 

responses of these tlssues are generally loading-path and rate 

depPlldent. ThIS non-conservatlve charactenstic of these tissues 

complIcates modellIng beyond the normal problems of nonlinear elastic 

theory. 



Few experimental data are available for material properties of 

soft tissues, especially for structures in the mlddle eaL. when data .:nL' 

available, they must be considered carefully as ta how they WPlC 

collected and thus ta their limItatlons. For InstanCE', when nl .. "'\tpLlal 

property data are co11ected from exclsed specImens, degenelatlVE' cffccts 

must be carefully assessed. When considenng àata collected in VI vo, the 

effects of biochemlcal responses ln the body must be consldeted. 

The rnaterial parameters iOltla11y used ta mode1 the posterlOl 

incudal ligament are very slmpl1stic, but will later be reflned. 'l'he 

following is a brief diSCUSSIon of l1neari ty, homogeneIty and lsottopy 

of material propertles in the mlddle ear. 

3.6.2.2 Linearity 

Materia1 l1neanty exists in a prob1em If, for the Lang!' ot 

displacements considered, the material exhibits a linear stress-stLoLn 

relationship (i. e., the displaeements in a problem must be smaU enou'Jh 

50 that the matenal remains wlthln !ts llnear stress-strain range). 

Geometric lineari ty exists if, for the range of displacements 

considered, the effects of changing load and boundary condi tlOns are 

considered insignlflcant. 

Although little dHect evidenee i5 avaIlab1e, the postenor weudal 

ligament (and later other middle-ear soft tissues) IS modelled using 

both materlal and geometrlc lineanty. VanOliS f!XpCL Imr'nt" rm thf' fi'!t 

middle ear lOdIcate l1nearity of the umbo dlsplLlCem(:nt at '/f.lrJOWJ 

frequencies. V1amIng (1987) demonst rates llneao ty of umbo rJlsplaumlrmt 

at several frequencles up to 8960 Hz for sound pr0ssurr= Jevels hetVlcen 

30 and 110 dB SPL. This sItuation is lllustratcd ln Flgure 3.10. As 

mentioned earller, Guinan and peake (1967) aiso determmed a linear 
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range of up to 130 dB in response to tones of less than 2000 Hz and 140 

dB for tones of less than 3350 Hz. 

3.6.2.3 Homogeneity and Isotropy 

Because of their oriented nature and varying 

material propertles of connective tissues are ln 

composltion, the 

general neitheL 

isotroplC nor homogeneous. Both lnhomogeneity and amsotropy cao be 

modelled in linear flnite-element analysis. Inhomogeoeity is modelled by 

defining different material propcrties for each element. AnisotLOPY lS 

modelled by using appropriate stress-straln relatlonshlps for each 

element (see sectlon 4.3.4). In the Initial flnite-element analysis of 

the connective tissues in the middle ear, both homogenelty and isotrapy 

are assumed. 

3.6.3 Modelling Parameters 

Because so Il ttle experimenta1 eVldence is avallable for the middle 

ear the matenal properties af the structures af interest have been 

estimated indirectly. Funnell (1975) estlmates the postenor lOcudal 

ligament to have a modulus of elasticl ty of 2 y. 107 N/m' and a 

Poisson's ratio of 0.3 based on material propertles measured for the 

eardrum. 

The middle-ear ossicles are generally assumed to be completely 

rigide Du~ to the scope of this thesis, madelltng of th(? fJr"r,)r.lcs WIll 

not be done here. However, ln the future, the osslclf~!""J w1l1 l nl tlally br! 

modelled as rIgid. This may be an Incorrect assumptIOn ] ri J Ifjht of lhe 

experiments by Decraemer et al., 1989, WhlCh wdlcélte P0'J'Jl hlr~ hendin r] 

of the manubrium. As the middle-ear modelllng procccds, the questlCJo of 

bending will be addressed. 
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3.7 DESCRIPTION AND SCOPE OF THE MIDDLE-EAR MODEL 

'l'he first step in modell1ng the middle ear should be the 

development of a static (low-frequency) model of the important soft 

tlssues. These soft tlssues should then be integr :ted with the ossicles 

and a statlc analysis should be performed on the integrated complex. 

Thls statlc model would lnclude effects of ligaments whose stiffness 

appears slgnlflcant at low frequencles, such as the postenor incudal 

11g~ment, the anterlor malleolar ligament and the annular ligament. The 

passlVe effects of the middle-ear muscles can be ignored in a static 

model as they are thought to have 11 ttle effect at low frequencies 

(Funnell, 1972). 

Next a model determlnlng the natural frequencies and mode shapes of 

the middle ear should be attempted, and finally a model simulating the 

damped frequency response should be developed. 

In arder ta develop a stat1c model of the middle ear a modelling 

scheme must be developed. The methodology used here is as follows. 

FllSt, the geometric parameters of the model are gathered by digitizing 

outllnes of structures of interest from histological slides. Chapter 5 

descL1bes the data lnput and manlpulation scheme developed and used. The 

next step ln the modelllng scheme lS to generate finlte-element meshes 

of structur-es of Interest from three-dimensional sur race reconstructions 

of the dlgltlZed contours. Chapter 6 descnbes the mesh generation 

scheme developed and used ta do thlS. 

Th!:"' tinal step ln the modelllng scheme 15 the finite-element 

Llnalys1s of important structures ln the middle ear, and the assembly of 

the se structures ta form the integrated middle·-ear model. Due ta the 

l1mlted scope of this thesis, only an initial static analysis of the 

lateral bundle of the posterior incudal ligament is performed. Chapter 7 
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descdbes this analysis. Conunents on the modelling procedure and futUle 

work required for the middle-ear model wIll be discussed in Chapter 8. 

Befo~e examining in detail the modelling method developed and used 

in the course of this research, an understandwg of fim te-element 

analysis is required. The next chapter explains the fini te element 

method. 

T 
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CHAPTER 4 

'lHE FINlTE-ELEl1ENT ME'l1IOD 

1.1 INTRODUCTION 

Solvlng problems in structural mechanlcs involves determining the 

dlstrihutlon of stresses and/or displacements throughout a structure. In 

order tü determlne the system of stresses and displacements, the 

govr:rOlng differentla1 equatlOns of the problem that preserve 

eqUI] Ibtlum, dlfferentIal element contInul ty, and constitutive (stress-

stLiun) reqUIrements must be establlshed. Unfortunately It is difficult 

to determlne equatlOns that adequately represent a physical problem for 

édl but the slmplest problems, sinçe compllcatlOns in geometry, loading 

and mliteflêll pLopertles must be consldered. When analyslng two or three-

chmenSlonal problems these govermng equations cont3in partial 

dlffcLentlals, furtheL compllcating the problem. 

'l'In s chilpteL descnbes how the determination and solution of 

qoverrung equatlons ln a contInuum may proceed ln general. In particular 

1 t dcscnbes the dlsplacement-based finite-element method. This method 

lIwolves dl v!dlnq the physical system to be analysed into a mesh of tv/o 

nl thL0f'-chmenslonal subreglons or elements and flndlng a solution over 

(',)Ch of thesc elements that is very much simpler than that required 

l1Vl'l thf' ent] rp lPglon. The mec.hanical behaviour of each element is 

,1I1,1I ySE"d émd the' L ('su] t of the analysls IS a matnx equation relating 

t hl' hl'haVlOUf of the element ta applied forces. The matnx equations are 

t und IOns of the shape and material properties of the elements. These 

m.ll l lX C'quat IOns can be comblned into a global matrix equation 

clescl1l1lng the behavlOur of the entlre structure. In this manner the 



response of the structure to applied loads can be explessed 111 tPlms ut 

displacements at the edges of any or aU elements. 'l'he fil1l te-el('mt'Ilt 

method is particuiarly usefui ln complicated systems where tlH' govetninq 

equations over the entHe reglon are cHfflcul t to flnd. 

4.2 DETERMINATION OF THE GOVERNING EQl!~TION§_2~ _~_ ~~qB_LEM 

In continuous systems, a number of different ?Ipproùches lU.."\y be used 

to determIne the system of governlng dlfferentloü equatlOns. In th{~ 

direct ot" differential formulation of a problem, the eqUlllln lum, 

continuity and constItut1ve requirements of a typlCêll dlffclCl1t litl 

element are establlshed ln terms of the state val lables, learlinq to " 

system of dlfferentlai equatlons ln those vanables. In genPl al thpr;p 

equations must be supplemented by diffetentlai equatlons thélt impor,p 

constraints on the varIables. Aiso the boundary condItIOns (geometrlc 

and force boundary cJndItlons for structural mechanlcs) and the Inltlnl 

condItions (for dynamic problems) must be stated. 

Another approach used to establish the governIng difterentlal 

equations of a problem is the varIatIonal approach. In thlS approach the 

principle of mInimum potentiai energy IS, 111 gencral, employed. '1'0 do 

this one must calculate the total potentlal energy of a system, n. FOL 

structural problems, the potential energy Includes the straw energy 

(SE) and the force energy (FE). The actual conh')UratlOn of a deformerl 

elastic continuum ylelds a mlnlmum value of thl s potr'nt J rll rw'rrJY (n= ;,E 

+ FE). By invoking the statlOnanty of TI (6n=O), thF, mHllmurn If> 

determined and thus the governlng eguatlOn'J of thr: '>y'>tr:rn IIlfJy br' 

derived. ThIS procedure works not on]y for fJroblr:mG ln fJlruct.ural 

mechanics but for any problem where the tuor'tIonal TI r;an be detetmlnr~rJ, 

e.g. heat flow, acoustical, or electrlcal fIeld problems. It should be 



mentioned that there are areas where a functlonal may not be known, or 

may not exist, as ln some types of flow ln fluid mechanics. Alternate 

methods such as the welghted resldual methods must then be used (Reddy, 

1984). 

If the varlational form of a problem exists, an approximate 

solutIon for the dependent varIable, U, can be formulated by creating a 

trIal solutlOn function that mlnimizes the functional n(,J). The 

llpproxlInate trIal functlOn Ü must satisfy the boundary conditions and 

contain arbltrary constants that can be adJusted. For instance, the forro 

of the trIal functlon may be 

U(X)= 2: CI 4>1 (Xl ( 4.1) 

46 

wlwl e 4'1 are llllearly independent basis functions and c
1 

are constants 

ta be determlned. Substltuting this into the functional fI(U) and setting 

an .. (Ü)/3c
1 
=0, (n" lS the approXImatlOn of the fI because U (X) is only 

,ln approxilTh."1tion), one wlll end up wi th Il di fferential equations ln Il 

ud:nowns. 'l'hus the approximate displacements may be determined. This 

Illf,tllae! was proposed by Rayleigh and generalized by Ritz (Grandin, 1986). 

lvlOthpl approach used to determine the governing eguations of a 

"l".t ('m, wlllch can be shown to be eqUl valent to the above variational 

dl'pl,),wh (B.1the, 1982), is the one usually employed in the analysis of 

d IlllP,U elastlc contlnuum. It involves the pnnciple of virtual 

dl ',~) 1 dL'l'Il1t'nt s. A bl t of explanatlOn lS needed before statlng this 

l'Illll'lI'je. 'l'hc>rf' ùre many geometric conflguratlons a body can undertake 

th,lt [,dt Isfy the geometrlc constralnls. PossIble configurations lie in 

the nelqhboulhood of the true conflguratlOn that satlsfies equilibriurn. 

Tilt' smù 11, compat lb le displacements that correspond to these possible 

C'onflgULatlons are termed vHtual dlsplacements. During these 



displacements the forces are flxed at thei r equilibrium values. TI1l' 

principle of virtuai work states that the total internaI vatuai WOL k 

(the work resulting from the true stresses g01ng through vi L tuaI 

strains) is equai to the total external vi rtuai work (correspondll1q tu 

the actuai forces going through the assurned displacements). 'l'lu 5 ffi.1y bc 

stated rnathematically as follows. 

J ?' 1."dV (4.2) 

v v s 

-
where E is the vector of virtual stralns. ('l'he re,}(ier should recall 

that the transpose of E, ET = [Eh )( En Ez z Yx \ Yi ,~ )' 1.)1 l, 

where au av aw 
Ex x = ax' Ey y = ay' Ez z = az' 

au + av av aw aw au 
YXy= ay ax' Yyz= az + ay' Yz ,,= ax + az·) 

"[ is the vector of actual stresses, -rr = [L" h 
T T~ . T, T '{ /./ ) . 

LI 1. 
" l 

J /. 

The vectors fH, e and ~ are the surface tlc1ctlon vcetor, the body 

force vector and the ccncentrated force vector resp~ctlvely. ij', U' and 

ü1 are the vectors of virtual displacements of the hody from an unloaded 

configuration in a UVW Cartesian coordinate system, cnrrespnnchnIJ to 

the forces menboned above. (ur =[u V W). ) 

Thls equation provldes the basls for generatlng flnlte-element 

equatlons that govern the respanse of th0 system. 

4.3 THE FINITE-ELEMENT METHOD 

4.3.1 Introduction 

It is dlfficult ta model an entlf(: contlnuum by r)nf: arJsum"~d r~et nf 

basis functions. The displacement-based flnlte-elem8nt method lOv01'185 
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dl viding the physical system ta be analysed into a mesh of discrete 

elements and using much simpler basis functions for each element. The 

elements are joined together mathematically by forcing shared nodes, 

r::reated on the edges of two-dimenslonal elements or on the faces of 

three-dimen5ional elements, to have identical displacements. 

Appropriate degrees of freedom are constrained by forcing the 

displacements of certaIn nodes or their derivatives ta be zero. One of 

the most criticai pOInts in finlte-element analysis is that the 

behavlour of the element must be accurately modelleù by the set of basis 

functlOns. 

In yeneral elements shouid aiso be compatlble, which means no gaps 

Ol ovetlaps should eXlst between elements ln a continuum. This 

requ1 Lement lS not absolute, however. Fim te-element analysis tends to 

overestlmate the stlffness of a structure, and overlaps and gaps tend 

t(1 'soften' a structure. Thus sometimes Incompatible elements are 

actu~]]y preferred (Cook, 1981). 

Thp governing equation for a continuum may be wri tten as the sum 

uf lllt pgratlons over aIl fim te elements from (4.2): 

J J 
T 

\' El" , Tlp)dvl f' 1 ~ iJll e ) fB 1 e) dV( e) 
LJ 

(". l 1" 1 
\' 

J 
r 

+ ') li 1 ~ , f' 1"' 1 dsl" ) 
LJ 

1 p 1 .. r; 

T 

+ ~ Ü1 ~ (4.3) 

.. where the supet SCrlpt ( refers ta elements 1,2 .... n and n 1S the number 
i .. 



of finite elements. The superscript refers to the nodes of the 

element assemblage. 

In the flnite-element method the displacements of points wi thll1 .lll 

element, measured in a local coordinate system, are functions of th€' 

displacements of the f'tructural nodal po~nts, measured in a global 

coordinate system, and may be Interpalated from them as follows: 

~ 

u(e) (X,y,Z)==H(e) (X,y,Z)U (4.4 ) 

where U is a vector of global nodal displacements and n(" 1 is an elcment 

displacement interpolation matrix. (Note here that H( f' 1 lmpllCl tly 

inc1udes a transformation from a global ta a local coorchnate system). 

Although U cantains aU global nodal displacements, the strains and 

displacements wi thIn an element depend anly on displaccments al the 

nodes of that element. 

The correspondll1g element strains may then be deflved. They are 

~ 

€( e 1 (x, Y , z) = S( e 1 (x, y, z) U (4.5) 

where B( e) is the strain-displacement matnx of an element r:dlcu]atpc] hy 

dlfferentiating and combining approprlate rows of H/~). 

Element stress-strain relationships may be descnhwl ln lerms of 

properties of the element, and the Inltial stresrJ ln U)f' ,·j'·mr fit, T'" 1 • 

14.6) 

USIng (4.4), (4.5) and (4.6), equatlOn (4. 3) may hr? rr?'tJ[1 tt(~n 
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(4.7) 

- ( l: l B( e ) T -r ( e ) dV( e )} + F] 
e ( e ) 

V 

where U are the virtual nodal displacements and F is a vector of 

externally apphed forces at the nodes of the element assemblage. By 

1mposlng unit virtual displacements in turn at aIl nodes, U becornes the 

1dentl ty matnx I. (This may be done because imposing a vlftual 

chsplacement at one node is assumed not ta affect the force 

dIstrIbutIon at aIl others.) ~hus (4.7) may be restated in matrix form 

as 

KU R (4.8) 

.. f 
T 

BI "1 Cl e ) BI e ) dVI e ) wherp K== L KI ... 1 , 

Viel 

clnd R IS the load vector which includes the effects of the element body 

for ces RI , surface forces R', concentrated nodal forces R1 and element 

1111 t laI stLesses RI. 

ThIS 1S a statement of the static equilibrium. In the equilibrium 

('onStdeléÜlons, the apphed force may vary with time. Thus the 

dl (~pl()cements also va ry wlth bme. If loads are applled rapidly, 

InN t 1.:11 forces are signlflcant. Also, energy is dissipated ln vibration 

<lnd thus veloCl ty-dependent damplOg forces must be included. By 
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incorporating these effects inta the governing equatlons, a matrlX 

equation describing a dynamic system may be derived. It 15 

MU+OO+KU R (4.9 ) 

where M is a matrix contain1ng 1nertlal terms and 0 15 a mati lX 

containing damping coefficients. The symbols (.) and ( .. ) lndlcate 

first and second derivatives respectively. 

This thes15 deals anly wlth statlc analys1s ln the middle ear. 

static analysis will in effect model the low-frequency behaviour of the 

middle ear below 1 Khz where inertlal and damp1ng effects alP 

negligible. However, as with the eardrum model of Funnell, the ultimate 

alm of this research is to solve (4.9) ta deteLmlne the h1gh-frequency 

dynamic response of the middle ear. 

4.3.3 Choice of Local and Natural Coordlni?_~c:.._~~_te!fl5 

Typically, when worklng wlth flnlte elements, three types of 

coordinate system must be considered. The fast 15 the global 

coordlnate system which is the frame of reference for the entlrP 

continuum. Its coordinate axes have dimenslons of lenglh. 'l'he second 

system is the local coardinate system. Hs orIentat Ion 15 determlned 

with respect ta the Indlvldual element and may be dlfferent from that of 

the global system. l ts dimensions and units are usual 1 y thp fJ;}mp ilS for 

the global system. The thHd system 15 the notmal r.ootrhn;\t (. 'Jyr,ll~m. ft 

consists of dimensioniess coordmates that H]r:ntl fy pO''! t l (JI If, ln an 

element without regard ta Slze and shilpe. 'l'hr: lrJr;al .:mrJ natural 

coordinate systems eXlst for convenlE:nce ln d(~'/(! l f)[J lrl':1 rdem(~llt 

relations, e.g. performing IntegratIons as in (tl.8). The r_hrJlç~ of WhlCh 

Sl 



of these systems to use determines how the displacement assurnptions are 

formulated. 

When working wlth a local xyz Cartesian system, the displacements 

may he Interpolated USIna generalized coordinates as follows: 

u(x,y,z) 

'/( X, y, z) 

W(X,y,7) 

al + ~ X + ~ y + cx4 Z + oc., X2 

131 + 132 X + /33 y + /34 Z + /35 X2 

(4.10) 

(4.11) 

(4.12) 
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wher p ex /3 and y are the generalized coordinates, and polynomials in 
1 ' 1 1 

x, y and z are the basis functions. There must be one basis function for 

eùch degree of freedom ln the element. The generalized coordinates here 

tllLn out ta be comblnatlons of the element nodal pOInt displacements. 

'l'he motIvatIon for USlng the natural coordlnate system is that the 

element dlsplacements may be lntcrpolated dHectly in terrns of the 

pl{'ffient nodal pOInt dlsplacements as follows: 

u(x,y,/) \' h (r,s,t)u i.J} 1 
(4.13) 

v(x,y,/) \' h (r,s,t)v 
/.." 1 

(4.14) 

w(x,y,.' ) \ h (r,s,t)w LJ 1 1 
(4.15) 

WI1Pl (' h are the basls functions (here assurned identical in each , 

tllml'nSll1J1); u, ' v} , w, are the element nodal displacements in the X, y 

,md chLectlonsi and r, s and tare the natural dlmensionless 

COUt lilnates. USlng this formulation, the element geometry is 

wtprpol.:tted ln the same way as are the dlsplacements, as follows: 

x )' h x 
LJ '1 (4.16) 

1 



y (4.1ll 

Z ::: 2: h z 
l l 

(4.18) 
l 

Use of this formulabon has the advantage that the e1ement bdS l S 

functions are easily constructed, by inspection, and the elements l'an 

easily have curved boundaries. 

Figure 4.1 illustrates the natural coordinate system for il eiqht-

node brick element and for a four-node tetrahedral element. 'l'hp bélSis 

functions for these hnear elements can be bull t by inspectlOll by not Inq 

that the value of function h 1S unit y at node 1 and zero at all othcl 
l 

nodes. The bas1s functlons for the bnck, ln terms of natur al 

coordinates, are 

hl (1+r)(1-s)(1-t)/8 

h
2 

(1+r)(1+s)(1-t)/8 

h3 ::: (1-r)(1+s)(1-t)/8 

h4 (1-r)(1-s)(1-t)/8 ( Il • 19 ) 

h5 (1+r)(1-s)(1+t)/8 

ho = (1+r)(1+s)(1+t)/8 

h7 = (1-r)(1+s)(1+t)/8 

ha = (1-r)(1-s)(1+t)/8. 

ratios of volumes of tetrahedra. '1'0 cletermlnf? 'J)()l -jlnatr! f.l rJt fJ(Jlnr l', 

a tetrahedron is drawn w1th apex at pcnot P élnd wh'J',p ba'," l', {)(!fJ()',J rr· 

node 1 as shawn in F1gure 4.1. Coordlna tr:.' LI l', th,: r a ~ If) (Jf t hr-

resulting intenor tetrahedran (p-2-3-4) to the 'l'JIumf? (Jf th,:.' entl ff:.' 



l ~!9ht-node Erick 
f r, s, t) 

l( 1,-1,-1) 
2( l, 1,-1) 
3(-1, 1,-1) 
4(-1,-1,-1) 
S( l,-l, 1) 
6( 1, 1, 1) 
7(-1, l, 1) 
8(-1,-1, 1) 

5 

- -- -- - -~~---~-

1 

s 

3 

1 

~------------------------x 

Four-node Tetrahedron -- ----rr;-S;t) 
1(0,0,0) 
2(1,0,0) 
3(0,1,0) 
4(0,0,1 ) 

:. 

z 

2 

""-----'( 

FIGURE 4.1: THE W\TUAAL COORDINATE SYSTEM 

3 

for the eight-node brick and the four-node tetrahedron. 
(See text for explanation.) 

(After Grandln, 1986) 
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tetrahedron. Coordinates 1.2, L3 and L4 are slmilarly determll1ed. Only 

three of these coordinates are independenl.. Lelting r=L2, s .. L3 and 

t=L4, the basis functions for the four-node tetrahedron are 

hl = l-r-·s-t 

h
2 

= r (4.20) 

h3 = s 

h4 = t. 

4.3.4 Building the Element Stiffness Matr~~~ 

To solve (4.8) for u, the element stlffness matnces K(" 1 must be 

constructed. Once they are constructed, the entire structllLal stIffnes!'; 

matrix K and load vector Rare then bUllt. 

To construct the element stiffness matnx, the local straln 

displacement matrix B( 91 must be calculated using (<1.11) to (il .15) su ch 

that 

A 

€(9 1 (x,y,~) =8(91 (r,s,t)u (il.21 ) 

where u is the vector of element nodal dlsplacements. The st rain-

displacement matrix B( 9 1 here lS expressed in terms of the natural 

coordinate system. (Note that ln equation (4.5) BI") was expressed ln a 

local coordinate system and Imphci tly Induderl a t r'ln'ofnt miJt 1 rm f rom 

global to local coordlnates.) ThIS matnx lrj r]r:tr:lllllllf',j li! 1"~JrI(j 

derivat~ves of the displacement InterpolatIon funct l'Jnr, h , 'tll th r pr,pr.r.t , 

to the local Cartes1an system, to build the straHI ffirJtr 1/ {;,. , . n'" l 'J 

then determined by Inspection. Hmo./ever the rJl~~p] rJu:m,:nt mterpoiation 

functions h are stated in terms of the natural system. The relatlOnshlp 
l 
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between the x, y and z derivatives and the r, sand t derivatives must 

be found by the transformation 

a 
ax 

J -1 a al' (4.22) 

where J is the transformation matrix from local to natural coordinates. 

The next step ln building the element stiffness matrix K(el is to 

determine the element constitutive matrix CIel relating stress to 

strain. ThIS matrix describes the eiastic properties of the material in 

questIon and may descnbe a 1111('(/1 isotropic or anisotropic material. 

(T.le Ilnear equllibrium equatlon (KU=R) was derivE'd assuming small 

vlftual displacements. The fact that the displacements are small has 

entered lnto the evaluation of the stiffness matrIces Kiel and the load 

matlix R because aIl Integrations have been performed over the original 

volumes of the flnlte elements and the strain displacement matrix B(e l 

IS ùssumed constant and independent of element displacements.) The 

mùttlX C1p
) for an element wlth isotropie material properties is 

whele E lS the material modulus of elastlcity and \) is poisson's ratio. 

The modulus of elasticity lS the rate of change of tensile or 

compreSSIve stress with respect to tensile or compressive strain. 

56 



57 

Equation 4.23 describes an isotropie rnatenal. However, a fully 

populated 6 x 6 CIe) matrix would define a general anisotropie matellal 

which possesses dlfferent properties m dlfferent directlons. SpeClal 

eases between the extremes of total anisotropy and total isotropy exist 

and can be modelled by deflnmg entnes in Cl") accord1l1gly. 

Inhomogeneity may be modelled by defining dlfferent ct e ) matrices for 

different elements. 

Once B( e ) and c( e ) are determmed the integratlOo ln (4.8) Olay 

proceed. Because the volume lntegration takes place in the natural 

system, the volume differenbal must be E"xpressed ln natural 

coordinates. 

Calculation of the integrals descrlbing the load vectors ~I, RI ann 

W proceed in a similar manner as for K. Rl rnay be built directly. 'fhe 

integrations described are usually performed on computer. For a brick 

element, these integrations must be done by one of a number of numerical 

techniques such as Newton-Cotes and Gauss quadrature. For a four-node 

tetrahedron (with linear displacement assurnptlons along each edge) the 

element stiffness rnatrix integratlon is exact. It lS 

K( e ) = B( e ) T ct e ) BI e ) J dv (tl.2tl) 

v (e ) 

where J 
VIe) 

dV = ll~l 
6 

IJ( e) 1 is the determinant of the Jacoblan transformat l'Jf) 1 Jf I-l1r' (,1 ('lT\r'nl­

from the local ta the natural system. BI ~ ) happr>nr, t () h(· 1 ()w,t ()nt 

throughout the element. 

ThlS integrat10n of the element stl ffnes5 matnx prrxlucps an ') / 1/ 

element stiffness rnatrix where Il 15 the mmÙJer of degrer:c; of freedom ln 



58 

the element. Element load vectors of dimension 1/ are produced. 

4.3.:) Bu}lÈ_IJ!9_J:_he ~tem Stiffness Matrix 

Cons t ruct 1 on of the sys tem s ti ffness matrix is now 

stralghtforward. Ta illustrate how this proceeds, a matrix for a two 

f: lement system, illustrated in Figure 4.2, wIll be constructed. For 

slmplluty, the elements used are triangular elements wlth one degree of 

ft ('('dom per node. The two-element assembly has a 9lobal numbering scheme 

,-l', shawn ln the fIgure. The local numbenng of the elements lS 1-2-3 for 

t 111' fil st element and 2-4-3 for the second element. The stiffness matrix 

fOL the fast element lS 

[ k J J J k l J : kIl 1 

1 
[ u, 

1 
[ f, 

1 k 1) J kl
12 

k1
21 

U2 f) 
k III kil} kI

11 
U1 

f
1 

(4.25) 

'::lOci for the second one 1 t is 

k2 11 k2} ~ k2 1 \ 

1 
[ "i 

1 
[ g, 

1 k.2, 1 k2, , k2 l J U1 9~ 
k ) kX, " k2\ 1 U 1 91 

. 
~\ 1 

(4.26) 

'J'hl' 'lye,lem matnx IS 

kl
11 kIl., kIJ J 0 U

1 fI 

~ 1 
1 kl."fk2 11 kl: \ +k2J ... k2J 3 u

2 
f 2 + 92 (4.27) = 

"l, ' l-.i, ,+k2, 1 kl\l+k2 12 k2
11 u

3 f3 + 93 

\' k~ 
~, 1 h2. , k2, \ U, 9, 

1 ht' ['l'lIJ1(tU y L'Ondl tl0ns ale spedfled by constra1mng the appropriate 

d,'qlt'C'S ot fLeedom ta theu prescnbed values. For instance u
2 

may be 
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4 

, 

FIGURE 4.2: SIMPLE TW)-ELEMENT SYSTEM 
'IWo triangular elements are coupled at nodes 2 and 3. 



Ir 1] ] k1
12 

kl
l3 

0 U
I fI 

0 1 0 0 u2 0 
= (4.28) 

k 1 \ 1 k1 1 )+k2\] k1
11

+k2
12 k2n u) f) + 9) 

0 k271 k2
22 

k2
23 

U4 94 

'l'he solution of the system matrix will yield the actual nodal 

rhsplacements. (Once the dlsplacements have been calculated, the stress 

fIeld may also be calculated from (4.6).) 

4.3. 6 Conv~r.ge~.<:e 

It can be shown from mimmum energy considerations (Bathe, 1982) 

l hêlt Hl hm te-element analysis the strain energy of a structure is 

ülways underest lInated, proVldmg that the elements in the mesh of that 

st lllctUl P are complete and compatIble. 

In order for an element to be complete its interpolation functlons 

must bp ahle to represent rigld body modes and constant straln states. 

RIgHi body modes are those dlsplacement modes where no stresses are 

df'vt'lopecl 10 the structure (e.g., pure translation). Constant strain 

"t-i1lcs must be able ta be represented because in the limit of 

Illf 1 nI teslmally small elements the straln ln the element must approach a 

CUllst <:lnt value 50 that any cOP.1plex variation in strain may be 

t "IJI pscntpll. As ment loned earlIer, ln order for elements ta be 

nlrnpat 1 biC' the displacements between elements must be contlnuous (i. e. , 

11(\ ~pps III \l\'Pllaps CLIn develop). 

B0th the bl Id and tetrahedral elements mentlOned earlier are 

\'ornplt:'tp ':ll1d compatIble If the basIs functIons of (4.19) and (4.20) are 

"ssumpd. l'hus the st taIn enelgy ln a mesh composed of these elements 

\"111 bp undelestlmated. DIsplacements therefore WIll also be 
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underestimated. Consequently the mesh wIll be too stiff. As thE' SI7.P llt 

the elements in a mesh of these elements decreases, tlw displacpmt'nt 

interpolatlons of (4.13) to (4.15) wIll be mOLE' able to leplt'Spnt 

complex str:am states and wlll be more able to acclIlately leplE'Sf'nt th!' 

true straln energy ln the ldeallzed contInuum. As tins OCCUl s, tllP 

calculated dlsplacements will increase towi:nds the ttut> dlsp]éH'f'mf'llt~~. 

This convergence wlll be monotonic provlded that eVCL y finel mesh ll!~pd 

is a subset of a previous coarser mesh. If thlS 15 !l()l tht' l'd~P tilt> 

displacements WIll Increase towards the truc chspL'l'pmpllt', hllt IHlt 

necessarlly monotonlcally. 

4.3.7 Finlte-Element Packages 

Many finite-element packages eX1st to handle both 1111PiH ,llId 

nonlinear analysls (Brebbla, 1985). The most populat commPIC'1i11 f lllItt' 

element package avallable today 1S gene rally accpptcd t 0 hl' MS(' 'NI\'<'/'R!\N. 

It is a large-scale general-purpose chgltal computpl [ltogt,'lm who',r' 

capabill tles inc1ude static and dynamic analysls of '.ott uctUl ëtl [JI' JIl! pm') 

with materlal and/or geometrlc llneanty or nonllneallty. rte> f'lpllIf'nt 

library Includes more than fifty elements. Tetrahpdr,d ro!pmprlt', dlf' 

available as are various pre- and post-processlng (JëlCJ.:ëlq!", t '1 hl' l P t hr' 

user generate meshes and Inspect results. 

The finite-element package used ln thle; ani"llY'Jl') l'. :-,!\p IV, fi 

program for the statlc dnd dynamlc ':lnëllY',l':. (Jf lln'·.!) "l't'·III'. 'B,dh( f·t 

al., 1974). It was used becaU'~f.> Il 'tld', l('drllly 01/011 Lill!", ,}.l', 

L1expenslve, and has been used and mo(hfl(>rj f(l! ':.r·/r!'J! 'Ir'd!', Irl tlil', 

n.iddle-ear research (Funne 11, 1978). 
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~.~.8 Cholce of Elements 

'. 
There are many element types besides the brick or the tetrahedron 

avallable for f lm te element analys1s. These two elements are general 

th! f:~-(hmenSlOnal elements that could theoretically be used in any 

',l ructural analysls. However, by taklng advantage of certain 

dléttar:tCrlstlcs of a glven structure, elements may be used WhlCh are 

1 pfJS (Jenpral but also less compi icated. For exampIe, wher analys1ng the 

!'dfllt WH, F'unnell took advantage of the fact that the eardrum IS a curved 

',111>1] sttuctULe. (!ts dllnenslOns ln the eardrum thlckness dl rection are 

llIuetI ~,lTh:lller than ln the other two dHections. ) One of the 

',lInpll fl cat lOns thlS leads to for ll1stance is that the stress through 

lhp Ullckness 15 zero. 

'l'he mesh generatlon scheme used ln thlS analysls produces 

t l'lI "hC'flt.Ü elpments Wl th nodes defl=-,ed at each vertex. This mesh 

qf'lll'lëltOI WÙS used fOL a nurnbel of reasons, to be explalned in Chapter 

(). The llneaL basls functlOns of (4.20) may be used ta perform the 

,lll,lly~>IS of thc>s(' meshes of tetrahedral elements. 

Untot lunatply, thE' flmte-element package avallable for this 

1 (",l'dl dl (Ilel Ilot lnclucle code for a tetrahedral element. There are two 

W.1)/<, l () plocpen glven thlS problem. It IS possIble to 'convert' the 

hl 1 d, f' 1 t'ment ta li tctrahedral element by ass1gmng certain nodes of the 

t'l!'J1\t'nt tilt> Sê"une spatIal cooldlnates. ThIS process 15 iIIustrated in 

1\1';1'; functwl1<) l)f tlw hll," \,J.19). The second posslbIllty 15 to write 

COdl' tOI,' ttl!C tE'tlélhcdréll clC'mcnt. 

80th the collclpsed-bll ch. tetlahedt-al element and the true 

tf'tlëlhedt,ll plemont 91ve egtllvëllent results ln the linear case. However 

new code for the tt lie tet rahedral element 1S used in the finI te-element 
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FIGJRE 4.3: COLLAPSING AN EIGHT-NODE BPICK ELEr1EJJT 
The elght-node bnck element IS coo"Jerted to a four-node tetranedron 

by assignlng certaIn nodes of the brIck the same global 
coordloates. (After Bathe, 1982) 
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analyses of Chapter 7, to save unnecessary calculations. 

It should he noted that the SAP code itself had to be modified ta 

handle the collapsed-brlck tetrahedral element. Sometimes element 

Interpolatlon functlOns may be used that do not satlsfy the 

requlrements of compatlblllty. In the case of the brick element 

descflbed ln thlS chapter, extra basls functions may be added ta the 

1 ntelpolatl on functlOns. Because the se basis functions are not 

assonated wlth any nodal de'Jrees of freedom, incompatiblli tles may 

i'lllse. However, lf the se dlsplacement functIons are known beforehand to 

1 PfJlcsent the dlsplacements of the brIck they can be allowed. For 

f'Xëlmple, 1 f the brick 15 approxlmately rectangular, extra quadratic 

baf;l$ funcl10ns can allow a constant bendrng moment. These extra basis 

t und lOns tend to make the element less stIff, winch ln turn tends to 

"pppd ur tlw convergence of a solutlon. SAP code includes these extra 

!'d[")\f> tunctlOns or 'lncompatlble modes' because lt assumes that the 

hllck l?lements used are not extremely dlstorted. Because the collapsed­

hl lek tr:tlahedral elements are extremely d1storted the se incompatible 

m,)(j0', hcld to be dcleted from the code. 

·1.·J SPf:.CIl\L CONSIDERATIONS FOR PHYSIOLŒlCAL SYSTEMS 

'l'Ile' study of the relatlOnships between the geometry, material 

l'll)l)!"'l t IL'S and loadlng hlstory of a body 1S needed in order ta solve any 

f'l [1!'1plIl ln f,tlllC'tll1al mochan1cs. F1nite-element analysls ln man-made 

"\'~;tt>ms Pll1\'lclec; Cl sCltlsfactOty solutIon to the detalled mechanIcs of 

<'('l11l'lll'dtl'd StLllCtUl0S becLlUse usually these relatlonshlps can be 

,1del]1I,ltl'ly establlsht::'d. Whcn deal1ng w!th b10logical systems, however, 

tlw;:.,e Il'1,1tlons}nps alE' much 1e5s clear. Thus, the accuracy and validity 

l't ,lny hm te-elernent analysls must be ob]ectlvely established before 
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its results can be used. 

Many of the d1fflculties ln analys1l1g anatom1cal st L UC'tllLf>S ('pm!' 

from the geometric complexlty, the Inhomogeneous matf'rlal prl)pE't ty 

distribution and uncertainties about the ln VlVO loading c0mh t lOns. ln 

additlon, even in a slmplifled phYS1olog1cal fimte- Plemf'nt an.:llysl'; 

the three-dlmensional nature of a problem, often LPqulrf'd tn modp! 

complicated geometnes, may tax the computer pOWE'l avadable. F'Vl'l1 1 t <III 

extremely accurate structural analysis could be dOI1f', thE' t't t pd!, nt 

biochemical responses present in physiological systf'ms mil y tUI t ht~1 

compllcate matters. 

The model of the mlddle ear being developecl 1S a lelatlvply f,lmplf' 

one. Experimental eV1dence on load1ng cond} tlOns and mater l <l} pt Clppr t IP', 

in the middle ear, and indeed ln most phYSlOlogical systems, l', sr\ll CP. 

It IS apparent that If a slmphfled flnite-clement 11l1iilySI:., l'-, to hf' 

performed on a physiologlcal system, 1 ts pur pose 15 not to IJI uv 1(11' 

definitlve quantitatl\re results but rathet It le:; lo [JlfJvulr> d 

quantltatIve baSls for more study of the same prohlem ln èlll l'VOlVlWI 

fashlon. 
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CHAPl'ER 5 

ANA.'OCtlICAL [lA'rA DESCRIPTlOO, INPUT AND MANlPULATIOO 

S.l INTRODUCTION 

In arder to Vlew ln detail mammalian anatomy, a number of 

technIques rnay be employed. A specImen may be investlgated post mortem. 

ThIS is often done by sectlonlng the structure of wterest, stainlng the 

sectlOns and mountlng the sectlOns on glass siides for Iater vlewlng, 

usually unrler a mIcroscope. More recent technIques Involve lmaglng the 

st ructure of Inter est non-lnvasively, often ln vivo. MedIcal lmagwg 

techmques Include conventionai X-rays, computed X-ray tomography (CT), 

posltlon pmlsSlon tomography (PET) and rnagnetlc resonance lmaging (MRI). 

BCJth Imaglng and sect lOmng techmques produce two-dlmenslOnal cross­

sccboncll representlltlons of structures of Interest, but present non­

lnvaSlve lmaging t0chmques produce representations of falrly low 

lf'!-:;olutlon. One of the problems of data acquIsition of structures of 

lI1tclf'c;t ln the ITL 4 ddle ear IS that the structures are extremely small. 

'l'he nl1dd1e-p<:lr cavlty volume ln the cat is approximately 2 cm3 • Present 

IlICdlCi11 lmaglng technIques cannat provlde the resolution necessary ta 

<lllllW onl' te) extL<:lct the outllnes of structures accurately. 

'l'hl' {ll st step ln deflmng the present hnl te-element model of the 

l111ddle {',Îl IS the Input of two-dlmenslonal anatomlcal data ta the 

l'llmputt'l. llslng the mesh generatlon scheme c1escrlbed ln the next 

ch,lptel f contoUL 5 of st! uctures of Interest from these two-dlmenslonal 

slldes Ol 1111<19E'S nkly be used as a baSls fOL produClng three-dlmenslonal 

hnltt'-f'}cment llIeshes. The present chapter descrlbes a data input and 

llléH11pulatlon scheme used to process two-dlmenslonal contours ta produce 
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three-dimensional surface definitlons reqUl red fOL f llÜ te-elerncnt 

analysis. It also briefly describes display software used to Vl('W tlWSt' 

three-dimenslonal surface deflnitions and later the lesultlng f\lutt' 

element meshes. The software described ln thlS chaptel lS .3n outglowth 

of developments spanm.ng many years (Chawla et al. 1982, Funnell t.. 

Phelan, 1981). 

5.2 HISTOLOGICAL MATERIAL 

The histological material used as a basls for the mlddlt' !'.\t mo<!pl 

consists of 250 senal section slides from a left cat e<ll ubl<lllll'd fHlm 

Dr. S.M. Khanna of ColumbIa UnIversity in 1982. The 2-kg cat had DPen 

used for an ultrasound expenment (Basek, 1970). PrlUl ta Sl'rtlOnll1q, 

the ear was decalcifled and embedded ln plastic. The sect lons Welf' nit 

at SOt/m intervals ln a plane approxlmately patallel to t hi! Ipgs (Cl UI cl) 

of the stapes and every second sectIon was stéllned and mOIlIlted. 

Figure 5.1 is a photograph of one of the slldef:>. In tlllS r"l1c1p 

structures of Interest wclude the lateral and medicll IJundlps of thf> 

posterior Incudal ligament, the eardrum and conm~ctlvP tlSfJlte<-" thf' 

malleus and incus, and the tensor tympanl muscle. 

5.3 CONTOUR IDENTIFICATION 

Contours may be extracted from two-dlmpns 1 (m" 1 r l'l;! Pf,(mt.t t 1 (me; 

either by manual traclng of outl1ncs ()l by ê11Itrlm;i! l' 1 rj'If' dpt (·r t 1 ()fI 

lmage-processlng technIques. Cdge-dr!t~ctH)n tr·r hnJ'JlJ" Ir1."IJ II' JrJII" III') 

for sharp Intenslty vanations ln an Ifll;\'Jf' ,-HI,j .,/, l,If t tri') t hf'r,(' 

varIations to produce edges. These technlqur:e; (')ul'] IJ(' '1',.·,1 fur U)f]t.rJUI 

IdentIflcatlon from lInages of hlst(Jlr)']H_êll cJllfl,:c,. fi'!'I1' :'!.'l fUI- thl' 

complicated structure ln the mlddle ear, thl c"-, '''oulrl I1'Jt br: a slm[Jlr: 
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FIGURE 5.1: PHOTOGRAPH OF A HISTOLOGlCAL SLIDE 
of the left mlddle ear of the cat, shown approxirnately 

6.3 x magnlflcation. structures of interest are identlfled 
ln the dlgitized version of this slide shown in Figure 5.2. 
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task. For simpliclty, the method used in the course of thlS LeseéHch to 

extract contours is ta manually trace the outlines hom magnl flcd 

projections of hlstological slides. 

5.4 DATA INPUT AND MANIPULATION 

5.4.1 Introduction 

A program (DIG), is used for the data Input and mampulatlon. Tins 

program was developed in thlS lab and was used ta produce a Elit> 

containing the three-dlmensional surface pOInt definitlons of structulPS 

in the middle ear. 

5.4.2 Tracing and Alignment 

Each histological sllde of lnterest was placed ln a holelel undC'l (1 

light source. The image of the sllde was pro]ected through ,1 Ipos, of 

approximate magnification 19, downward onto a digi bœr surface. 'l'he 

digitizer, a Nurnonics Graphic calculator, 15 an electro-optlcal devlcP. 

The contours of structures of Interest were then rhgltlzed unlo 

computer. The errors Involved in tracing the contours are consldered tn 

be insignificant compared to cat-to-cat anatomlcal val latlOns. Flgmp 

5.2 is a digitized version of sorne of the structures on th'J Sllr!P of 

Figure 5.1. Contours are divided into classes hy colour for eilsy 

distinction (i.e. muscles, lIgaments, bones). 

Contours are indexed and any or al! contrlUlCJ (Jn any rlr ill1 ',llr!r·', 

may be redisplayed at any time. Contours may hr~ t ()t;ll(~r1, ('/[lilnrlr'r! (JI 

shrunk for better vlewing and to allow for r.ontrml allgnrnr·nt. Br·r i"l1J';(: 

no absolute alignment reference eXlsts ln thr; hl',t()1()r11r.a1 mat(:rlil! thr· 

contours on consecutIve sllde must be aiigned ln a phYC,F.dlly u:d",()nablr. 

way. This is done Interactively by marbng c.orresponchng landrnary.s on 
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FIGURE 5.2: DIGITIZED CONTOUR 
showing out1ines of seme important structures 

on the s1lde illustrated ln Figure 5.1. 

70 



consecutive slides and aligning accordingly. FIgure 5.3a lllustrates tW0 

unaligned rnarked contours and Figure 5. 3b illustrates the contours aftl'l 

alignrnent. Obviously the accuracy of the geometLic represcnt3lion nt 

structures in the mlddle ear depends on the ahgnment of contotii ~. 

Ideally hlstological matenal containing an Zlllgnment reference shoulrl 

be used, but unfortunately that 1S not yet avallable fOl- the midcllt' cal. 

Contours are entered in segments. Sechons of contoUtS thal ale 

shared between two disbnct structures (e.g. between the posterior 

incudal ligament and the incus, or between the ligament and the muid] c­

ear wall) are marked as such. Thus, ln the surf3ce-poH1t dcfulltlŒ\ 

files, sections of a structure shared with other structures are easily 

identifiable. ThlS is done 50 that after mesh generatlOn, shalpd nodes 

on meshes of the se connected structures rnay be lùent1üed fOl 

integration with other structures, or constrained as reqll1reà. (E.g. 

the secbon of the lateral bundle of the pastenor lflcudal llgament 

attached to the middle ear wall must be constrawed not to move ln the 

fini te-element analysis. Also, shared nodes between the wcus and the 

posterior incudal llgament must not be duplicated in a fim te-element 

analysis of the lntegrated mlddle-ear model.) 

5.4.3 Extraction and Display 

Once all slides containing a structure of wterest have been 

aligned, that structure may be extracted from thp dlfJltll.Pr} rJ;"Jt(j 11'";ln(J il 

simple commando For example, all seetlOns contr:llOl ng r(mtrJur r
, ()f t hr! 

lateral bundle of the postenor lncudal llgamunt ooy hr.! (!.d rar. t(!,]. Thr. 

result is a file containing the three-dlmenslonal sUlfa~e ~olnt 

definition of the object. Figure 5.4 15 a dlsplay of ail contours of Ulf~ 

lateral bUIldle of the posterlor incudal ligament after allgnment. 

71 



-

(a) (b) 

FIGURE 5.3: DIGITIZED CONTOURS 
al before dnd b) after alignment. 

Contours are allgned by marklng corresponding landmarks on 
consecuti ve slldes and alignlng accordingly. 
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FIGURE 5.4: DIGITIZED CON'LDURS 
OF THE LATERAL BUNDLE OF THE POSTERIOR INCUDAL L l Sl.>J1EI rr . 

The incus/ligament boundary i5 at the left of the fl'~Jre. The 
middle-ear wall/llgament boundary 15 at the r1ght of the fl~Jre. 
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Thr: GU r face-polut 

',ll[ f ace- recons t ructlon 

deflnltlon fIles may be 

program, TR3, developed 

processed 

ln thlS 

uSlng a 

labo This 

PT()'Jram works by toangulatlng between boundary nodes on consecutive 

rlJrptlœd contours (Funnell 1984a, 1984b). Thus the surface of 

~,t lll( tlJrlô's of Interest may be recoflstructed. 

!\Ilothf'[ program developed ln this lab, SMF, has the abllity ta 

(IJ <,II] ay tr Iangular-face representations of mlddle-ear structures fcom 

1'1 t llf'l SUI face tnangulatlons produced by TR3 or from tnangular-face 

Il'[,IPC,Pllldtlons of the flnal tetrahedral meshes produced by the mesh 

'l1'11t'lat Ion scheme descrlbed ln the next chapter. Thus surface 

Il'I(ll!',truc't!ons aL meshes of middie-ear structures can be easily 

d 1 ~>I'l dyf'd ,'mcl examInpr]. The program has the ablli ty ta rota te these 

t Il,1nrJl1l.'II facE' ff:ptPSentatlons sa that a structure of lnterest may 

f'X,lmlllf'd ft 001 many pc t SpcCtl vos. Structures can be dlspIayed WI th 

<,bdrllllfJ 1 Il Il de[,l LOri colour <,cheme on a VAXStatlon or other graphics 

rlIf,pL1Y. l\ ',:ut' may be made thtough an obJect and faces in front of 

1I1,lt (ut lIlcly bi' Lcmoved. These reconstructIons may also be dlsplayed in 

hLlIk ,tilt! whItc' on a hatd copy. FIgure 5.5 IS a three-dimensional 

',\II LI, 'f' 1 f'C(~nsttt\C't lOn of contoUt s of the Iateral bundle of the 

1\(~',l('ll(1( 1I1lUd.:.1l llgament, the lncus and the malleus produced uSlng the 

111 O'JI dm 'l'E3 .:md dlspIayed uSlng the plogram SMF. Hard copIes of dlsplays 

01 nlt~shf':~ ploduced by SMF wIll be presented Chapters 6 and 7. 

Onct' li)!' SUt face-poInt dcflnl t ton fIles have been deflned, the next 

pll,lc". \li I1lnd,'lllng Il1<lY [lloceed. T;lf: next chapter descnbes the mesh 

ql'l1L'l,lt Ion scheme \.Ised ta t ransform these surface reconstructIon files 

1lltl~ ,1 fll11te-c'lC'I1lent mesh. 
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FIGURE 5.5: THREE-DlMENSIQNAL SURFACE RECONSTRUCTl0N 
of contours of the lncus, the malleus and the lateral 

bundle of the postenor lncudal llgament, produced USlOg 
the surface-r~construction program TR3 and dlsplayed 

uSlng the dlsplay program SMF. 
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CHAPI'ER 6 

MESH GENERATlOO FR(Xtt SERIAL SECTlOOS 

6. 1 INTRODUCTION 

One of the largest problems ln any flnlte-element modelling scheme 

l 'J that of mesh generatlOrt. 'IWo-dlmens1onal rnesh generation of 

Hregular contours 15 not tnvlal. The task of creating a mesh of 

thrcc-dlmensional clements lS deflnltely not a slmple one. 

Many olfferent approaches to three-dlmenSlonal mesh generation have 

h(~(>n télkf>n (Boubez, 1985, 1986a, 1986b). In Interactive techniques, the 

(omputcr hclps to vlsuallze the mesh as lt 15 being created and graphlc 

Input dpvlces help to deflne coord1nate5. ThIs task 1S tlme-consuming 

.md, cilie to the two-dimensionai nature of most graphlc devlces, is 

pZIL t lcuIéH ly ch f fl cult ln three-dlmenSlOnal analysis. 

Intpl"polatlOn ITILlpplng techn1ques Involve laying down similar meshes 

(ln cnnsccutl VE' two-dlmens10nal contours. These contours all have the 

~,\)m(' IlUmbpl of nodes and corteSpond1ng nodes on consE'cuti ve contours are 

]()lllf'd hy Intclpoliltlon. DefolInat1on mapplng techniques Involve 

'F'IlPI,!tlrtfJ iJ Il'gulal mesh and deformlng lt to fIt the obJect. These 

mf'thud!~ wOlk well for regular geometries. However, since the samf. 

numllt'I uf nodes 1S gencrated for each cross sechon, for lrregular 

(ll'<lIl1!'tllPS nodC's hf'C'omC' Clowded ln smaller cross-sections, reSl.lltlng in 

,"\11 t'\Cl"~', l VP l111ml1Pl of nëll rowly shaped elements. When Il t egularly shaped 

l"1 ()[,!, sectIons elle encountcred, lXld 1nterpolat1ons are C'orrLlTlOn ln 

1I1tl'LI'0liJtlon methods, ëlnd ln deformatlon methods it may be dlfflcult ta 

fI ne! rlOpel mùpping funcUons. 

F1111ng tcchmques 1nvolve defimng nodes wlthin an object and 
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filling the object with elements by genetatmg tt,t 1 ahedl.1 to SUllC1Ulld 

the nodes. ThIS generatlon lS dlfflcult fOL lllequl;u sI1.1pl's. BCC,1USl' d 

convex hull of the nodes lS generated, tlus method [l'qulIQS much wOlk tl' 

handle holes o~d concavities. 

6.2 'IOPOLOGlCAL METIIODS 

Topological methods are better sulted tu ml'shlllq II 1 ('q\l LH 

contours. They involve cuttIng tetrahedra away ftom dn nbJPd IIslnq .1 

librar~' of topologicai operators. F. rst the SUl face of the ov]ed IIlU~.t 

be triangulated. A hst of faces, edges and vertlces, tOgpthPl wlth 

InformatIon def1ning their L"'lah.onshlps, descnbes t111~' tllanqu!.ll Inn. 

Most topological methods 1nvolve uSlnq tW() mdlll t()pIl!O<jll,1l 

operators which each act on an obJect by l pmov lny a tt't 1.1hpdr (Ill. 1\', LI 

tetrahedron lS cut away, the edge, vertex êlnd tclC"'f: llsl mllst bp IlP(J,tt pd 

to describe the new shape of the mesh. TI11S 1<, dOll(' Lepl'dtf'clly Ulllll t IH' 

list descr1bes only one tetrêlhedron. 

Topologlcal methods are reiatively slow as cnm[J<lterl tu ntlwl tlll r!f'-

dimenS10nal meshing technIques. Howe'/cr thpy c ,111 gf'nr!ri111 y pt flr!11f f' 

consistent meshes for Hregulatly ShdlJl:d oh)!;( l'o>. l\ numbl'I I)f 

topological methods have been developed (EwWI) At cil. 1970, f1antyla & 

Kagawa 1983, Woo & Thomasma 1984, W0rdenwebPL 1<JB4). 

SerIaI histologlcal sectIons are r,ommonly u',(·r} t'J '.turlï ané.JtrJlIIl cdl 

structures ln the lIfe SCIences élnd thu,> élP' an rJ~J'llrJlj'. trJfJl tri li/' 

explol ted when descnb1ng the geometry of ~Jur,h Sll ur,turr:~,. l\ mf!r;h 

generation technlque WhlCh c.Jn bulld meshes from sena] ser:tlon datd 
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would ha'/f' appllcatlons ln many areas in the life sciences and 

ThIS mesh generator ongLOally cons1sted of a series of programs 

ci)fJdble of rearlIng speClflc senal section data and generating a mesh of 

lpLr alledral elements from a sllce of an ' irregularly' Bhaped abject. A 

',lIce of i)!l obJect lS that part of an abJect defined by two consecutive 

two-rhmcnsHJni:tl contours. ThIS generator was tested by Boubez on fairly 

~Jlml)}p 1 [rcgular shapes, uSlng relatlvely low mesh resolutions, and had 

nevel boen w.,ed tOl any finI te-element analyslS. 

A ~lJor portIon of the work done for thlS master's thes1s involved 

(()nt lIlUf'c] ùevelopment dnd testlng of thlS generator. Th1S work 1nvolved 

~,t 1 cdml J mng and debugqlng I t, adding and improving graphicai displays 

tn IIplp the user momtor Its progress, testlng and enhanClng 1t ta 

f'lldhll' lt to be useci for more general Hregularly shaped multi-sllced 

1I11)!" l'" and automating It Blto one master program. This chapter 

df",! 1 !I,PS the phllosophy belund the generator and outlines sorne of the 

dddltJ!'1l,11 work performed on 1t. 

l'. ) '[ H[, m:SH GENERATOR 

t'. i. 1 Ph 1 1 n',o/?hy 

'lllt> pllllosophy belund the mesh generator lS descnbed in detail in 

Buu!l0.' (1 LJ8Gh). The following sectlOn summarizes this descripbon. 

'l\vl\ dHtH'nSlOnzd closcd contour.; Input from each histologicai slide 

ln l' t 1 IdnguJ ëlted Ils follows. EqUldistùnt nodes are created on the 

ll"lllt!)lIl, spllcxl ùCCOtdlng to the mesh teSolutlon required. The contour 

1 c, sUIX'llmpl,sed on II gt Id of equllùteral trlangles and aIl InternaI grid 

lll'dt's th,'lt ëUl' pOSI tloned at least a cel taln mlnimum dIstance from the 

l'ontoUL bOlU1dary ale kept, forming a regular two-dimensionai core of 
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triangles as shawn in FIgure 6 .la. InternaI gnd nodes that dl t> h1l1 

close to the contour boundary are dlscarded 50 ilS to aV(11d smdll 

elements in the outer rIng ln the subsequent ttwngulatlOl1 of that L ll\q. 

The trIangulatIon is performed by JOln1ng nodes on thp C(HP hl)llmk\l y t () 

nodes on the contour boundary as 11lust tated ln PllJUI e (, .lh. 'l'lit' 

triangulat10n algorJ thm ident1fles al! external edqcs on the InnL'1 CUtt:' 

of triangles by Inspectlng a l1st of edges maklng up tht' llltPLll,1] lOI t' 

triangles and dlscard1ng those that occur tWICf-'. 'l'he node5 OI) thl S 

boundary are numbered ln increaslng order ln a COllntcLclockwlSC 

dIrectIon. AlI edges on the externa1 boundalY aIt> ,dSll ldpntlfled ilI1d 

numbered 111 a cOllnterclockwlse ducctlon. The f 11 ,.t st t-'p III the 

triangulation is ta Join the two InitIal noclps on the Inn!'! ,me! outPI 

boundary. These nodes are the 1algel nodes shown HI F'ICJU!f' h.i/l. 'l'hl' 

next llne of the tnangulatlOn lS the shortest hne that ,',\1) ht· d!dWll 

from elther of the f1rst two nodes to the second nock on tiH' 0PPfl'>l te 

boundary. The algorithm proceeds ùround thE:' two-rhmenf,lOn,ll 1111'1 IlIlt Il 

the trIangulation lS complete. ThIS tnangu1êltlOn 15 clone ff)! Pêll'h tWCl­

dlmenSlonal contour of the structure of 1nterpst. 

Next, consecutive two-dlmenS1onal contour f, <lLe ovpr I<:lId. 

Correspond1ng nodes on overlapplng two-d1menslonal cOLer; rH f~ JOlnpr! ar. 

shown ln F1gure 6.1c and the resulbng three-dlmenSlonal ((HP of rUjht­

angled prisms, lllustrated ln FIgure 6.2, lS shrr;cld(JcI lnCr) tl;Uahr>rll,-.1 

using a loakup table. The rCmalT11ng ù]f'ar; nf f';lrh l,". r111f1f·fl'.lrlTlrtl 

contour are used ta generate a rIng. 

The outer and 1nner edg(;s of tlus llnrJ illr' rlldn'jllL11r.r! il', 'JlrJ'(1fl 

in FIgure 6.2. The maIn work of the mesh rj(:IlCtflrrJl l', hJ rn,,',h Url', clnrJ 

of each sllce of the structure untII th("~ ('ntlU' ,,,tllj(_IUt,d mr:'JII l~, 

created. It meshes a ring by repeatedly c.uttlI1'J (J'/hJy t(:trahr:dra untll 
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al Two-dimenslonal cores of triangles. 

bl Full trIangulation of two-dimensional contours. 

c) Resulting overlap of two-dimensional cores. 

FIGURE 6.1: 'lW)-DIMENSIONAL CORE AND RING TRIANGULATIONS 
AND RESULTING CORE OVERLAP. 
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FlOURE 6.2: THREE-DIMENSIONAL CORE AND RING 
of two consecutive two-dimensional contours of the lateral 

bundle of the posterlor lncudal llgament. 

81 

\ 



rmly one tetrahedron IS left. As mentlOned, thlS cutting away is done by 

deletlng approprlate edges, faces and vertlces from the list describing 

tt1e strur:ture untll the li5t descnbes only one tetrahedron. The meshed 

f:.truc.ture bullt up lS descnbed by a list of tetrahedra. Each 

tetrahedron lS descnbed by twelve nodal coordwates grouped in threes, 

eaeh group representlng one face of the tetrahedron. This descriptive 

tOlmat lS used by the dlsplay program SMF (see section 5.4.3) to display 

Qr~ stage of the mesh generatlon procedure. 

The meshlng 15 done u51ng four operators. The fHst two operators 

dU' the two cuttIng operators referred to earlier (see section 6.2,1 and 

illl' lllustLated ln FIgure 6.3a and 6.3b. The vertex operator Tl locates 

él trIvalent convex vertex and removes the tetrahedron attached to jt in 

on(' eut. Usué:llly the Tl operator is used repeatedly until no suitable 

veL tpx can he tound (I.e. aU tetrahedra protruding from the ring are 

cut of f). Next the edge opelator T2 lS used. A starting edge numbe·r is 

(JI vell to 1 t and It proceeds through the llst of edges in the ring \lntil 

1 t 1 Ol,)t PS a convex eclgc. It removes the tet rahedron attached to this 

pdg<' 111 two cuts. The veL tex operator Tl is then reused to cut off 

(ILCltlurllng tetrahedw. If after a number of cuts neither Tl or 'T2 can be 

w:.l'cl, II thlld operator, the topological cut operator, is employed. This 

np<'ldtoL makes a eut through a tnangular cross-section of the nng, 

thll', plorlUC"lng two new tnangular faces. The first cut of the ring 

[lIOdll<"C'S une polyhcdlon. E.:tch succeSSIve cut produces anothcr polyhedron 

a[. 11lw,tlated ln FIqUtC 6.3c. 

USlng these opPlators Il lS possIble to reach a situation where a 

tt'tlCltwdron Célnnot be l'ut .:tway from any of the polyhedJ:'a created. Such a 

SltU,lt H1n lS 1l1uStlcÜt~d ln Figute 6.4a. The SImple solutIon to this 

ploblt'1l1 15 ta fllp a dlùgonal on a slde of a polyhedron as shown in the 
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a) The vertex operator locates a trlvalent convex vertex and 
removes the tetrahedron attached to lt in one cut. 

b) The edge operator locates a C0nvex edge and removes the 
tet.ral1edron attached to it in two cuts. 

c) A tOpologlcal cut 1S performed on a polyherit()n, 
dlvidlng It into two separate polyhedra. 

FIGURE 6.3: THE VERTEX, EDJE and cur TOPOUX;rCAL OPEAATORS 
(After Boubez, 1986b) 
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a) No tetrahedron can be cut away from this polyhedron untii one 
of its diagonals is flipped. 

bl If the flipped diagonal is not on the outside surface of the mesh 
a 'fIat' tetrahedron is created. 

cl No dIagonal can be fllpped on thlS polyhedron 
and thus It cannat be meshed. 

FIGURE 6.4: EXAMPLES Of DIFFlCULT POL~;EDRA 
a) fllpplng a dIagonal. bl creating a flat tetrahedron and 

cl enColmterlng an unmesha~le polyhedron. (After Boubez, 1986b) 
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figure. The two faces attached to the d1agonal ln questlOn must bl' 

planar if the geometry of the polyhedron is to be ptesN-ved UpOI\ 

flipping. The polyhedron side must be an exteLior slde of tht" L ll1q ln 

question and must not be a s1de that wlll later be p.?rt ol a bC1und':H y 

with another rnesh. If this is not the case, the flip is topolC'qicùlly 

unacceptable, Slnce adJacent fln1 te elernents wi 11 have Illtl'l sel't In~ 

edges and faces. In th1S case, a 'fIat' tetrahedron 15 creatpcl, ab shnwn 

in Figure 6. 4b. This flat tetrahedron operë\tor, T2P, is .:111 opeL l'ltOt 

unique to th1S rnesh generator. 

The presence of this flat tetrahedron preserves the COrtectness of 

the rnesh, but it is useless as a finite elernent. Howevf'l, at the end of 

the rnesh generat10n process, after- al! cores and r 1l1g5 of aIl f~llces 

have been rnesherl and assernbled, the mesh ü; , relaxed'. 'l'hlS 15 clone lJy 

moving every node ln the rnesh to a more sUltable positlon. This Illcac 

suit",ble position is, ln the case of the mesh geneldtoL, the CJcolllPll1(' 

centre of aH nodes attached to the n00e ln questlon. In thH> manrlPL the 

flat tetrahedron will be ' inflated'. It should be notec1 that only Dodes 

not defining the surfare of a structure may be movccl, othcrWlse the 

shape of the structure would change. 

The relaxation is done not only ta Inflate flat tetrahedra but al f,J 

to ensure that tetrahedra 111 the mesh have h1gh <1Spcct ratlOS. 'J'he 

aspect ratio is a measure of how equilateral a tet rahedron lS. A flat 

tetrahedron has an aspect ratlo of lr:-fO whlle ,1 tr·tl;lhr·r]I(ln '''1\11 .-11 J 

internaI solld angles equal has a [iJtlfJ r)f urll t'l. 'j'ptl ,dlr;rJr d 'dll h 1II'lh 

aspect ratIos are deslred ln flnlte F!lement r.lnalY',l'J. ThlrJ 1', hf'(i)ll;,r., 

if the aspect ratlo of a tetrahedron lS ;)nlull, the' Lr~tluhr;drr;n lr, ndr rf"J'1I 

(i. e. sorne of l ts vertlces havr: loVl ',Olld onglr!f~) ,Iflrl 'Jumr; ut l tf_ edrJr:;, 

are longer than those of a more err . .l11êtteral 



displacement assumptions associated with these longer edgE's wi 11 111.1t 

reflect the true displacement field as well as will those assoCl\\ted 

with shorter edges. This problern is equivalent to the pLOblern assoCl,üpd 

with having larger elements in a mesh. Furthermore, tetrahcdta wi th low 

aspect ratios contribute to errors in the computer solution 111 fun tp 

element analysis; this problem wlll be discussed ln section 7.2.2. 

The relaxation procedure may be visualized by lmagllüng an 

assembly of springs constralned by an external surface. The relaxpc) mpsh 

is equivalent ta the equilibdurn position of the spnng assembly glVcn 

the external shape constralnts. 

Unfortunately, it is posslble to reach a situation where a diagonal 

cannot be flipped to produce a polyhedron capable of being meshNI. 'l'tllS 

situation is lliustrated in Figure 6.4c. In this case the meshing of the 

ring must be restarted. Usually, by glVing the edge operator êl Ilr-w 

starting edge number, a successful mesh is created. However l t IS 

possible that no starting edge can be found to generate a successful 

mesh. 

6.4 IMPROVEMENTS TO THE MESH GENERATOR 

6.4.1 Introductjon 

Previously the mesh generator conslsted of a senes of sepa[i).te 

programs. One program performed input and tnangulation of the two­

dimensional contours input in a very specIfie form. I\nnthpr prn(J! illn 

built the slice core while a thJ_::-d bUllt thr~ silo! rHlfJ. A rr)\Jrth 

program meshed the structure whlle a fi fth assen bled sll(;r:~J and rr:layprl 

the structure. Input and output from each progrdm had trJ br! V(~(lflf'r} 

manually to ensure the meshlng procedure produced a topologl~ally 

correct mesh. The final output was a list of vertex coordlnates of ea~h 



tetrahedron, ln a form readable by the display program SMF but not 

sui table for input to the fini te-element program. Meshing a structure 

was falrly cumbersome, especially when many slices were involved. 

A number of procedural problems wlth the generator were corrected 

and aIl programs required for the mesh generation process were unified 

under one master progr&n 50 that the mesh generator can now be run with 

no user lnteractlOn. The input routines were generalized to handle input 

from any flle containing the point defl.nitions of consecutive two­

dlmenslOnal contours. The output routines were modified so that a file 

was generated that contained a list of node numbers and their 

coordlnates, and a llst of elernents deflned by their node numbers. This 

flle was used by the flni te-elernent prograrn. Graphical dlsplays were 

Improved to better monItor the progress of the generator and the 

Improved display program SMF helped to identify a nurnber of meshing 

p[ocedural problems. 

Flgure 6.5 lS a flow chart of the automated master prograrn TR4F. 

The triangulation subroutine TR42D is called once and is responsible for 

t [l angulating a11 two-dlmensional contours making up the object under 

stlldy. The master program then enters a loop where each sUce (adjacent 

pan of two dlmensional contours) is processed. Subroutine TETRA is 

respollslble for ]oining overlapping two-dimensional cores and shredding 

the reslIlting prisms into tetrahedra. Subroutine RING performs the 

surface hiangulation of the Inner and outer edges of ring. Once the 

COtes and nngs of aIl sl1ces have been formed, the program enters a 

Ioop where subroutlne STRUCT then meshes the ring of each slice. 

Subroutllle GLOBAL is called after aIl sllces have been processed. 

It assembles the meshed sllces and performs the mesh relaxation. This 

LelaxatlOll must be carned out while ensuring the aspect ratio of aH 
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C.lU 'ubrllullllC 'iTRt1C'T 10 Illc,h 
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Cali STRUCT 10 

rerlll,h "ffendlll!! ,!tLcl<) 

FIGURE 6.5: UX;IC OF THE MESH GENERATION PRCXiRAM TR4F 
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tetrahedra remaln above a certain value. While testing the generator, it 

was found that sorne fIat tetrahedra could not be inflated to an 

acceptable aspect ratio (as wi 11 be explained in section 6.4.6). If 

th] 5 oceurs then the slice contalning the offending tetrahedron i5 

rerneshed and the relaxation is redone. Finally, when a successful 

relaxatIon occurs the mesh 1S written to a file. 

l'here were a number of senous procedural problems that only 

surfaced when meshing more complicated structures. The following 

sections descr1be a sample of them. 

6.4.2 ëJ~c~ _~IJ~~lation - TR42D 

One of the problems encountered in this subroutine was that 

contours were read without being oriented (numbered) in the proper 

di rectHJn. 'l'hey were assumed to be numbered in the same dHection. This 

caused problems when subroutine RING tried to tnangulate the outside 

surface of a sllce. That surface IS discretized by tnangulating between 

rorlsecut1 ve two-d1rnenslOnal contours (rather than between inner and 

Olltel contours as was the case for the triangulation of the two­

dlmenslOnal rIng.) If the nodes were not numbered in the same direction 

on adJacent contours, the trIangulation algori thm tried to join anode 

on one slde of the obJect on one contour v!i th a node on the opposite 

side of the object on the next contour. This violated the geometry of 

the mesh. All contours are now forced to be counterclockwise as they are 

re<ld ln. 

6.4. 3 Bu~}s:!~.n.9 _~he Core - TETRA 

'rhe program prevlOusly could not handle the case where no matching 

two-dimenslOnal elements were found (i.e. no core existed) and thus 

-
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code was added ta handle this case. 

6.4.4 Building the Ring - RING 

One of the most serious problems with the generatoL WélS thélt thf' 

orientation of element faces was not consIstent. Onentat Ion of pl ement 

faces determines how the nodes of tetrahedra are numbered. PLOpet nudc 

numbering is cI:"uClal in fini te-element analysls. Calculatlons of th<> 

volumes of elements are meamngless lf the numbenng of nodes in an 

element is not comnstent throughout a mesh. Propel assembly of thesp 

element matrIces is impossible. The convention descllbed ln the oLlgln,ü 

mesh generator documentatIon specifled that aIl fom [ares 1Il eveLy 

tetrahedron must be orlented 50 that, uSIng the nght-hanel ruIe, the 

vectors normal ta the faces pointed outward from the tetlahedlOI1. 

One of the areas where the onentatlOn prGblem mara [esteel i tsel f 

was in subroutine RING which l s responslble for fornnng t hr Olltp[ rI nf} 

of the abject. Ta do this the list of faces maklng up tetLahedl <.l ln the 

core was examined. In this list of faces maklng up the COLf~, t aces on 

the outer edge of the core wlll be llsted once whll(~ 1 nner COI e 

tetrahedron faces wIll be listed twice (slnce adJacent :..pt raheclra shar e 

faces). By searchlllg for faces occurnng only once 10 the 11 st, the 

inner face of the ring can be deflned. Before uSlng the se faces to bUIld 

the ring they must first have theu onentatlons flIpper! G() thdt, 

instead of having theIr normals pOlnting r.JvlêJY ftom thf' ((11(', tll"'! hi'l'/P 

them painting away from the rlng. TIns '''il'" rVJt IPlfl'J d'JII' dll'I ')/d', thll~, 

corrected. ThIS was Important because Iater ln th,: ',\lh/')llt lrl" ,II 1 fd' f", 

of the ring were beIng oriented uSlng thes!? lnn':l 1 J n'; f,H ('C; rJ', d 

reference. 

This orientation procedure l tself V/as beHlg pp.rfClrmerl lWJn u~çtly. 
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'l'he top and bottom faces of the ring shou1d have been oriented by noting 

the onentations of adjoining inner nng faces attached to them and 

orlentlng accordlngly. External faces could then be orient~d by noting 

the onentatlOn of ûdJo1ning top or bottom faces. However.. due to a 

progranumng error the bottorn faces were being oriented in the wrong 

(h rectIon. The onentat1on algori thm was corrected. 

Another problem encountered in the generator was that thf marking 

of d1fferent classes of faces was incorrect. Nodes of faces on the 

extenor of the obJect had to be marked as flxed in order not ta be 

(hsplaced dUrlng relaxat1on. Due 

osslgned the wrong mnrkers and 

Incorrectl y. 

6. <1.5 Mcsh1ng .the_ R~.Q.g_ -__ STRUC:!, 

to a prograrnrning error, noder- were 

thus the relaxation was procer,;ding 

'l'he rnost compllcated and tlme-consuming subroutlne lS STRUCT Wh1Ch 

pPtforms the actual rneshlng of the rIng. A large number of problems were 

cncountcLcd ln th1S rout1ne. Many different checks had to be made in the 

~wn(,l·atoL to make sure that edges and faces dld not cross as the 

St-lucturf' was belng meshed. Due to the dlfflculty ln performing these 

dwcks ln three dlmenS1ons, geometncally lnconS1stent tetrahedra were 

sompt Imf>S bClng ptoduced. No mdependent verification of the mesh was 

bPll1g pet formed. Ta ensure geometnc consistency, as every tetrahedron 

IV,lC, l-ut, ,1 new check was made ta ensme that its volume was positive and 

tlhlt clll four faces were onented correctly. ThlS not only elimlpated 

lllCOL L ectly onented tetrahedra but also tetrahedra that had very small, 

neat - .:el 0 volumes. This meant that zero-volume tetrahedra could only be 

generllted by uSlng the flat-tetrahedron topologlcal operator T2P. 

Unnecessary zero--volume tetrahedra were thus avoided. 
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Another senous procedural problem was that wn tlng of te~ l atH'dl,) 

ta file was being incorrectly perfotmed. Fo.:- Instance, ln the CH igln,ll 

algarithrn, a check was made before every topologlcal cut ta sec If thp 

number of polyhE.dra left ln the nng was four t lmes the nurnbet of 

vertices le ft. ThIS would lOdicate that aU rernalmng polyhedla atl' 

simple tetrahedra and that the meshlng is complete. This check was bellll) 

made but only one of the rernalning tetrahedra was bemg wLltten to f11(', 

thus producing an lncomplete mesh. 

A problem occurred while flipping diagonals. When dOlng thlS, calP 

has to be taken to ensure that the diagonal was not genet ated outsHI(' an 

enclos1l1g quadrilateral. ThIS occurs If two na[ row faces )01 n at an 

angle as illustrated in Figure 6.6. 

Previously, when performing a eut wlth el thel the VCL tex opC'talOl 

Tl or the edge operator T2, a check was made to ellsure that the asper:t 

ratio of the tetrahedron formed was above a certaIn llmlt. ThIS check 

was made If more than two of the faces of the tetrahedton WPlf' f<'tees on 

the external boundary of the structure. ThIS was done for quahty­

related reasons Slnce no nodes of these tetrahedra could be 1 Pl<lxpd. 

It ... :as found necessary, however, ta force 1111 tpt rahedra II) the 

mesh ta have an aspect-ratIo lower limlt. If tetrahedra wlth very IfJW 

aspect ratios are allowed ln the mesh-generatlon process, polyhedra that 

have very low solid angles result. The mesh generator hutlds Itself lnto 

a corner because these low salld angle polyhedrél t.-nrl tr) br: Impnr.r;ll)lr:> 

to mesh. 

6.4.6 Assembllng the Slice~and_ !,_e]_axlnr:; thr} T1r· r
J h - r;fI)81,I. 

previously the relaxatlon algo[1 thm had br!en tpr,twl (Jn rJmall mr:sherJ 

where zero-volume tetrahedra were lnflated vil thuut problr:m. Thr:> Orl91l1a1 

<1.' 



OrIgmal 
th.lgonal 

proposed 
new 
dIagonal 

FIGURE 6.6: AN EXAMPLE OF A DIAGONAL BEING GENERATED oorSIDE 
AN ENCLOSING QUADRlLATERAL. 
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relaxation algorithm attempted only ta move nodes to the geomettlC 

centre of surrounding nodes. ThlS was done uSlng an l telatlve schpmt'. 

An attempt was made on each iteratlOn ta '11ove every node ln th€' mesh ln 

the geometnc cenlre of surrounding nodes. ThlS attempt WilS s\lC'cesstul 

if the move dld not vlOlate the kernel of the node ln questIon. (Tht> 

kernel is deflned as the volume wi thln whlch a node <'.:ln move su ch that 

adjOlning edges do not cross each other.) If the kernel was vlolated, .ln 

attempt was made then to move the node halfway to the geometLlc c€'ntlP. 

rf for thlS attempted move the kernel was stlll vlOlated, the chstann-' 

to be moved was successively halved until the ploposcd lhstl1nce fPlI 

below a certaln tolerance. This relaxation procedutc was 1 €'pC'ated C'Vf'1 y 

i teration until the maximum acceptable move of all noc!ps 10 th!:" mN,h 

fell below a certaln lower limit. 

To relax more compllcated mul tl-shced meshes a numher of changpf> 

were made. If no move as descnbed above coulcl be accompll shpd while 

trying to inflate a flat tetrahedron thl S plesented i1 ploblem, as 

inflation was essentlal. (No move was posslble when the gl"'omptrIC" centLe 

layon the side of the tetrahedron opposite to the node 1 n qUl"'st ion. ) 

This problem was corrected by movlng the node away t rom thf? gr!ometr 1 C 

centre, ln the opposite dHectlon, as lllustraU~d ln FlfJure 6.7. 

unfortunately, It sometlmes happens that any nodal mo'/(>ment '/lu!;)ter., Its 

associated kernel. rf fIat tetrahedra cannat be lnflAterl, the offenrllng 

slice is remeshed, the new mcsh IS lO(YJsrombl(·rl ,)nrl ttJr. lr'];I/,ltlnn l'. 

redone. 

Care had to be taken when rcshaping any t(~tri"Jhprlr(Jrl, t lat nt f1()t, 

that in moving a node no tetrahedron 'lla'J reflf1tt(~n(~(l, ()t illterrli)tl'/r.]y 

that all tetrahedra retalned a certaln minImum i)'J(Jr.( t LatH). If ,1 

proposed move caused the aspect ratIO of a tetrahedron ta fall below an 



towards geometric center 
(direction first attempted) 

l away from geometric center 
(direction moved) 

FIGURE 6.7: INFLATION OF A FLAT TETRAHEDRON 
A flat tetrahedron cannot be inflated by movlng a 

node to the geometric center of aIl nodes surrounding 
lt because opposing dlagonals would cross. The node is moved 

in a direction opposite to that originally attempted. 
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acceptable lower 11 mIt , the move was Ilot made. 

Finally, a volume calculation and onentat 10n check 1S m..ldp Iln 

each tetrahedron ln the mesh after relaxatlOn. Add1 t 10l1cÜ 1 y, tl1P v(11umt' 

of aU tetrahenra is totalled and checked aga1Ilst the obJcct voluml'. 

These checks ensure that the flIlal mesh lS COL Lectly Ollentpd ':Illd 

complete. 
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QJAPTER 7 

PRELIMlNARY foI)[)EL TESTS J\ND RESULTS 

7 . 1 l NTRODUCT ION 

'l'he only structure ln the middle ear analysed 50 far is the lateral 

bundle of the postenor incudal llgament. A preliminary static analysis 

of th.i s structure has been done. This chapter describes how this 

.1.1alYSlS was carned out. The rE:sults of this analysis give an 

1 nell cat Ion of how well the tools developed and tested during the course 

of thlS research are sUlted for the modelling of the middle-ear 

osslcles and soft tissues. 

7.2 DETERMINATION OF APPROPRIATE MESH RESOLUTION 

1.2.1 IntroductlOn 

The accuracy and efflClency of any flni te-element analysis relies 

on th€' applOprlateness of the mesh resolutlon used when discretizing the 

stLurtUfE' of Interest. In general, as the mesh resolution used ta model 

,\ ('ont lnuum lncreases, the dlsplacement solutions will converge toward 

t Ill' t t liE' rh splacements. However, as the size of the elements in a mesh 

de('LC,lSPS (and the number- of elements increases), the number of degrees 

nt ft ('edom wneases. Thls lncreases the size of the global stiffness 

ùnd load mat lIces and thus the time and resources requi recl for computer 

c11lcllY51 s. An optImal re50lutlOn 15 the ] owest r-esolutlOn possible such 

that the dlsplacement trIal functions model the domaln ta the required 

llccurllcy. 

1'0 determlne a r-easonable resolutlon ln an analysis, the 

convergence of nodal dlsplacements ln a str-ucture, in response to a 



given loading condition, as a function of mesh resolution must be 

determined. A nurnber of tests should be made of meshes of successively 

finer resolutions until the differences in dlsplacements are considelf'd 

insignificant. 

7.2.2 Error Analysi~ 

Before determinlng the optimal mesh resolutlon for a finlte-elpment 

analysis it is Important to understand posslble sources of error in the 

analysis. 

One possible source of error is in the evaluatlon of element force 

and stiffness matrices using numerical Integration. ThlS lS unimportant 

in the present analysls because for the true tetrahedral element used, 

integration of the element stiffness matrices is exact (sef' Sf'ctwn 

4.3.4, equation 4.24). In addition, ooly concentrated forces w1.11 he 

applied in the analyses presented in this chapter and thus no 

integrations are required to produce load matrices either. (For the 

collapsed-brick tetrahedral element, numencal IntegratlOn lS reqUl [ed 

for the element stiffness matrlX. However, because llnear elements are 

used this Integration produces exact results, ar.d thlS explalns why 

analysis uSlng this element produces the same results as analysls uSlng 

the true tetrahedral element.) 

Two sources of error may occur due to the use of mesh~s wlth non­

equilateral (non-unl ty aspect-ratlo) tetrëlhr:dr;-I. Thr: f 1 r',t '11,1', 

mentioned in Chapter 6, i.e. the linear dl spI êl(:pm(: n l', d"'J\lmprj lJy Ulf> 

shorter edges ln the equilateral tetrahedrün Cêln IJellr:l mr)dr:l t hr: t llH' 

displacements of d structure than can thQse assumpr] by thf~ lrJnrJr:r (·drJP~, 

found in the low-aspect-ratlo tetrahedron. Thu;J, !)l';Cn t',/C) meshes wlth 

the same average edge length, the mesh Wl th the hlgher average aspect 



ratlO wlll be better able ta model the true displacements of the 

structure. 

The second source of error resulting from meshes wi th 

noncqullateral tetrahedra arises in the setting up of the finite-element 

equatlons and thelr solutions. This is because a computer with a finite 

n'Jmber of dlgl ts ta work wi th is being used. The errors arise because in 

the global stlffness matrices K for these meshes entries K of 
1. ) 

tetrahedra wlth widely dlfferlng aspect ratios will be of widely varying 

values. 

If the magnj tudes of elements in the global stiffness matrix K 

ri l ffe r greatly, an entry ln K wi th a large magni tude will be represented 

Wl th much more percentage accuracy than will an entry wi th a small 

magnitude, when performlng adding or subtracting operations. Also, if 

dlagonals of K differ greatly in magnitude then in the Gauss-Jordan 

chmlnatlOn procedure used to solve the g' :>bal stiffness equation 

(4.27), enors will arise. This is because in this elimination 

procedure, a multiple of an entry in one row is subttacted from a 

unmultlplled entry of another. Large multipliers occur if. rows with 

wldcly varying dlagonals (which determine the multiplication factor) are 

~,ubt r ëlcted. Roundlng off or truncating in this subtraction could cause 

lat Cje enors. A well-condi tioned global stiffness matrix K (one where 

all entues are of similar magnitude) is desired in finite-element 

analyslS. It should be noted that this error is magnified if meshes with 

nonhomogeneous matcnal propertles are analysed. If two elements have 

C'onslderably chffcrf'nt aspect ratios (/I/d different material properties 

the dlffering values of entnes ln theH element stiffness matrices may 

lead ta an even more !lI-candI tloned global sti ffness rnatrix. 

A number of methods exist to estimate the error in a solution due 
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to the finite precision on the computer. Because of these enOl S ,111 

approxima te solution displacement rnatrix U is being calculated and Ilot 

the true solution matrix U. The dlfference between the actual In.Ki 

rnatrix and the product of the stlffness matrix and the t esult Inq 

approximate displacement matrix may be calculated and i5 thl' l f'sldut11 , 

ôR: 

ôR=R-KU. (7.1\ 

The actual error in the displacement, r (= U - U) can be founc! hy 

replacing R by KU, and is 

r=1\ 1 M. (7.2) 

Ano\:her method of estimating error lS ta determine the 

condition number of the rnatrix K. Because of computer error, the iWtUrll 

equation being solved is 

R = (K + &K)(U + &U) (,. 3, 

Considering this equation, it may be shawn (Bathe, 1982, pp. 48S-486) 

that in the final solut1.on the dl.splacements wIll he au~urate tr) 

significant digits where 

s ~ t - 10g
10 

(cond(K)) 

where t is the number of digits of precls10n of the r.omputr:r. 'l'he 

condition number is cond( K)= À" IÀ1 where 'Au 15 an upper bound for the 
n n n 
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eigenvalues of the global stiffness matrix K and À~ is a lower bound. 

Conside r lng (7.1) and (7.2), i t i s possible that the residual AR 

may be small while the error in the solution, r, is large. A small 

resldual IS thus a necessary but not sufficient requi rement for an 

accu rate solution. Generally the condition number is much more important 

than the residual ln analysing error (Cook 1981, Bathe 1982). 

7.2.3 Tests 

Prellmlnary tests were carried out to determine the resolution 

requHed for modelllng. The tests involved shredding a regular block 

mto a set of meshes of differing resolutions. This block had similar 

dlmenslOns to the posterlor incudal ligament, but because it was of 

legular geometry an analytical solution for a given load condition could 

be calculated. The test invol ved Imposing boundary conditions on the 

block Slmllar to those occurring for the posterior incudal ligament in 

the nuddle ear. The convergence of the flnite-element solution towards 

the analytlcal solutlon, as a functlon of mesh resolution, was observed. 

The procedure for the test was as follows. A block of dimensions 

U 7)Jm x lOOOl/m x 421J1m was used. (These are the very approximate average 

lhmpnSlOl1S of the lateral bundle of the posterlor incudal ligament.) 

USlnq the mesh generator this black was shredded into five different 

mesht'S contalmng 95 (BLOCKl), 144(BLOCK2), 560 (BLOCK3), 740 (BLOCK4) 

ctnd L:(n (BLOCK5) elements. These meshes are illustrated in Figure 7.1. 

f'lqUll' 7.2 lllustrates histograms of the aspect ratios for all meshes 

ht:'ful t' lclaxatlOn and for the three highest resolution meshes after 

relilxLlt 10n. The relaxation procedure could not increase the average 

aspect rabo of BLOCK1 (. 2ï6) or of BLOCK2 (.242) because no internaI 

nodes are present ln these meshes. However, i t increased the average 



BLOCK1 

(95 elements) 

t 

Face A -~~.fIl 
( fixed) ......,~."..-;>I 

BLOCK4 

BLOCK2 

(144 elements) 

(dlfection 
of 
applied 
force) 

(740 elements) 

BLOCK3 

(560 elements) 

BLOCK5 

(1203 elements) 

FIGURE 7.1: FIVE MESHES OF mE TEST BLOCK 
An upwards shear force is applled to all nodes of façe B 

(not seen in the figure). AlI nodes of the face appasl te to 
face B, face A (seen) 1 are constralned ta he flxed. 
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FIGURE 7.2: ASPECT RATIO HISTOGRAMS FOR FlVE MESH 
RESOLUTIONS OF THE TEST BUOCK 

BLOCKl and BLOCK2 could not be relaxed as aIl nodes of these 
meshes are surface nodes. Only one histogram is shown for each 
of these meshes. H1stograms for bath the original and relaxed 

state of meshes BLOCK3, BLOCK4 and BLOCKS are shawn. 
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aspect ratio of BLOCK3 from .397 ta .466, of BLOCK4 hom .420 to .o.lsn 

and of BLOCK5 from .404 ta .450. The shift lS lùLgely due ta thl' 

relaxation of the inner core tetrahedra, Increaslng the 11- ilppl OXlmilt (' 

average aspect ratio from 0.5 ta a hlgher value. 

A program FEMODEL was wn tten to ùpply apptOpl iate boundcH y 

condi tions to the block. AlI n.:Jdes on one face of the block (face A, 

se en in the figure) were hxed (constrained to zeLo dlsplacement) tn 

simulate the fixation of the posterior Incudal lIgament to the mlddle­

ear wall. An upwards shear force (perpendlcular to the plane of the two 

dimensional contours) was apphed to all nodes on the face OppOSltl> t 0 

face A of the block (face B, not seen ln the flgule). Thls shpaL ftH ce 

was applied to apprOXIIlk:te the action of the lncus on thlS llgamcnt. 

This force was distributed over face B as fallows. FOL each tl LangullH 

facet of face B the total force to be applled ta face B was mul tlpl1ed 

by the rabo of the triangular facet area ta the total al{:~a of face 13 tu 

give the force to be asslgned to that facet. Each nodc on tacC' B was 

then given one third of the force asslgned to edch of thf~ fllccts 

attached to it. These concentrated forces were w,f'd to rhrectly bUlJrI 

the load matrlx R. 

The geometric and force mode1l1l1g assumptlons for thls test (HP 

gross oversimphficatlons of the true Sl tuatlOn ln the par. However 1 

they give an l.nlbal esbmate of the mesh resolutlon requ1rNj to moopl 

the ligament. 

lO·l 

The maxlmum dlsplacement of the blor.::~ IL.) trI "".Il'HI·.,· tl) d ',Il"dl 

force (P) applled to face B can be cùlculùter] by (~unrJj(lr'r]nrJ thr> pffr·rt 

of both flexural deformatlOn (t:.t ) ùnd sheat Hlg d(e.' rr)trnall 'Jn ({j ) (prJ[J'J'/, 

1976). It IS 



ô/P + ô)/P 
'. 

whcre E=modulus of elastlcity = 2 X 107 N/m2 

v =Polsson'S ratlo = 0.3 

b=wldth of block = 421~m 

h=helght of black 

L=length of block 

lOOOpm 

337pm. 
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(7.5) 

Thu!' the maXImum deformatlon ln the dlrectlon of the shear force, per 

umt apphed shear force, should be 143 ~mjN. The force application 

conclll1on ln thlS test lS essentl.ally equivalent to fIxing a rigid 

plate ta the face of applIcation and applying the shear force to that 

plate, Le. nodes on that face do not move relative to each other. 

f10wever because the force is applied to the Enite-element mesh in such 

a manner that the nodes may move Wl. th respect to each other, the nodes 

on the upper edge of the block should exhibl. t displacements greater than 

thosc calculated analytlcally and the displacements should decrease for 

successlvely lower nodes. 

7.2.4 Results 

FlguLf.' 7.3 lllustrates the components in the direction of the 

applled forcE' 0f the di splacements of all nodes of face B for aIl fi ve 

mesh resolutlons. These dlsplacements converge close to the analytical 

solutlon as expected, Indl.catlng that the mesh-generatlon scheme and the 

flnlte-element analysls procedure are sUltable for thlS simple analysis. 

The dlsplacements do not converge monotomcally. BLOCK2 ~s slightly 

stlffer than BLOCK1 even though BLOCK2 has a hlgher mesh resolution. 
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FIGURE 7.3: DI SPLACEMENTS OF ALL NODES OF FACE B OF mE 
TEST BLOCK FOR ALL FIVE MESH RESOL!Jfro!JS 

The dlsplacements plotted are the components of the actual 
displacernents in the direction of the applled force. The solld 
horizontal line at 143 ~ Indlcates the ana1ytlcal solutlon. 
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However, BLOCK2 has a lower average aspect ratio and this possibly 

expla1ns why 1 t 1S less able to mode l the true structural 

rh splacements. 

The res1dual values for ~:;'l meshes were found to be practically 

zero. More importantly, the number of digits of precision for the black 

mcshes was calculated, uswg equation 7.4, ta be 14.0(BMESHl), 

13.6(BMESH2), 13.1(BMESH3), 13.l(BMESH4) and 12.5(BMESH5), based on the 

16-digi t precIsion of the computer used. This degree of error is 

Inslgnlficant in thlS analysis. 

7.3 S'TATIe ANALYSIS OF THE POSTERIOR INCUDAL LIGAMENT 

7 . 3 . 1 Te s t s 

Once an Idea of the accuracy of results for various mesh 

resol utlons was obtalned, a static analys1s was done on two meshes of 

the lateral bundle of the posterior incudal ligament, PILLAT! (483 

pl cments) and PILLAT2 (992 elements). Flgure 7.4 and Figure 7.5 

lllustrate these meshes. Figure 7.6 shows histograms of the aspect 

LtllOS of elements in these meshes before and after relaxation. The 

average aspect ratio of PILLATl increased from .238 to .246 whlle that 

tOl PILLAT2 remalned the same (.329). The relatively low average aspect 

!atlO of these meshes as compared to the block meshes results fram the 

f.Jet th.lt many of the sllces in the meshes of this llgament have no 

COll'. 'l't:'''tlahedra of coreless sllces generally have low aspect ratlos. 

The pLOglam FEHODEL ëlpplled lequested boundary condltlOns to these 

mpshes. Boundary nodes of these meshes cauld be Identlfled easily 

heçause aIl two-dlmenslonal contours of the ligament had been d1gitized 

ln segments as descllbed ln sectIon 5.4.2. AlI nodes on contour segments 

conespondlng ta the lIgament 'middle-ear wall boundary were constrained 
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(a) 

(b) (c) 

FIGURE 7. 4 : A MESH OF THE LA.TERAL BUNDLE OF THE 
POSTERIOR INCUDAL LIGAMENT (PILLATl, 483 elements)_ 

Parts of the llgament/rnlddle-ear wall boundary and the 
ligament/incus boundary are vIslble ln (a) _ An up' .... ards force 
is applled to all nodes of the llgament/lncus boundary, shawn 

outlined in (b). AlI nodes of the Ilgarnent/mlddle-ear wall 
boundary, shown ln (C), are canstralned ta be flxed. 
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(a) 

(b) (cl 

FIGJRE 7.5: A MESH OF THE LATERAL BUNDLE OF THE 
POSTERIOR INCUDAL LIGAMENT (PILLAT2, 992 elements). 

Parts of the ligament/mlddle-ear wall boundary and the 
l1gament/ incus boundary are vlslble in (a). An upwards far-e 
lS appl)ed ta all nodes of the ligament/incus boundary, shawn 

autllned ln (b). All nodes af the lig~nent/mlddle-ear wall 
boundary, shown ln (C), are constrained ta be fixed. 
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Histograms for bath the origlnal and relaxed 
state of meshes PILLATI and PILLAT2 are shawn. 
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ta he flxed. AlI nodes on contour segments corresponding ta the 

l1gament/lncus boundary had a force applied ta them. This force was 

applled ln a dIrection perpendicular ta the plane of the two-dimensional 

contours (as was the case for the black) and was of the same magnitude 

as the force applied to the block. The force was distributed over the 

llgament/lncus boundary ln the same way as it was applled ta the black 

face. (For each triangular facet of the ligarnent/incus boundary the 

total force to be applled to the boundary was multiplled by the ratio of 

the trlangular facet area ta the total area of the boundary to give the 

force to be asslgned to that facet. Each node on the boundary was then 

ylven one thlrd of the force assigned to each of the facets attached to 

lt.) It should be noted, however, that the facets corresponding to the 

llgament/lncus boundary are not necessarily parallel to the applied 

force as was the case for the block. 

These loading condl tlons are obvlously not the true condi bons in 

the mlCidle ear. In reali ty, the incus will apply a compllcated force ta 

the lIgament. Also, ln the middle ear the ligament/incus boundary nodes 

wlll not be allowed to move freely as ln this test case, because they 

wlll be constralned by the rigid incus. Boundary conditions will be 

bl't tel modelled ln the lntegrated model of the ossicles and soft 

t l C,St1('S. 

7. ~.:: Results 

FlC}Ule 7.7 llJustrates the components in the direction of the 

\lppl H'd force of the cÎlsplacements of al! nodes of the ligament/incus 

houl1lt:u y for bath llgament meshes. Flgure 7.8 lliustrates the 

li l splacement vectol s of aU nodes of the ligament/incus boundary for 

both meshes. Al though nothlng can be conc1uded about the convergence 
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FIGURE 7.7: DISPLACEMENTS OF ALL NODES OF THE LlGA11ENT/ItJCUS 
BOUNDARY FOR 'IWO MESH RESOLUTIONS 

of the lateral bundle of the posterior lncudal llgament. 
The displacements plotted are the components of the actual 

displacements ln the dlrection of the applled force. 
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-----------------~---_________ ___l 

a) The incus/llgament boundary is 
orlented as in Figure 7.4b. 

(b) The ligament/incus boundary is 
oriented as in Figure 7.4a. 

PILLATl 

--------------------------~------------------------~ 

a) The incus 'llgament boundary lS 
ollented ùs ln Flgure 7.5b. 

(b) The ligament/incus boundary lS 

oriented as in Figure 7.5a. 

PILLAT2 

FIGURE 7.8: DI SPLACEMENT VECTORS OF ALL NODES OF 
THE LlGAMENT/INCUS BOUNDARY 

for both rnesh resolutions of the lateral 
bundle of the posterior incudal ligament. 
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behaviour of these meshes because only two meshes have been analysed, 

the finer mesh (PILLAT2) does exhibi t larger nodal dlsplacements than 

does the courser mesh (PILLAT1), as expected. The total vohm\e of tht: 

ligament (2.55 x 10- 10 m3) is larger than that of the test black (1. 42 X 

10- 10 m3 
). However, the total area of the constrained facets of the 

ligament (PILLAT1 = 1.57 x 10- 7 m:' , PILLAT2= 1.51 x 10 7 m,l ) is sm,.111eL 

than the total area of the constrained black facets (4.21 x 10 1 m2 ) by 

a factor of .373 for PILLAT1 and .359 for PILLAT2. In addition the 

ligament facets are not necessanly para11el ta the applied torce. 

Because the same magnitude and direction of force lS appheci to the 

ligament as ta the black, the force per node of the llgèlmf'nt 1S 

therefore greater. Thus the ligament mesh dlsplacements, winch are up ta 

more than twice as large as those calculated for the black, cH c of the 

right arder of magnitude. 

The residual values for a11 meshes were found ta be practlcally 

zero. The number of digits of precislOn for the llgament meshes was 

calculated, using equation 7.4, ta be 12.5(PILLAT1) and 11.9(PILlJ\T2) 

based on the 16-dlglt precislOn of the computer used. ThIS degrec of 

error is insignificant in this analysls. 

7.4 CONCLUSION 

More analysis of the lateral bundle of the posterior ll1cud,Jl 

ligament using meshes of finer resolution is rcqul[r,rj lq r)pI ('rmlnr' thr' 

value towards WhlCh the mesh nodal dlsplacement:-; al r; Lun'mtglng. 'l'r) rIr) 

this, further work is requlred ta make lt eaSler trJ 9r.:nr':l atr, mr~~Jhf1~J. The 

modelling scheme used ln this analysis 1'0. ablr; tr) mrJr!r:l c..ompl f :/. 

structures in the m1ddle ear provld1ng a ;,uccr:;,sfu} m~sh can brJ 

produced. More study of, and work on the mesh generator 15 required ta 
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determwe whether Cl rcwnstances leading to unmeshable polyhedra can be 

a'lOlded. The next and bnal chapter summarizes possible methods of 

Improving the mesh generator and mentions possible improvements that 

could be made ta the modelling scheme in general. As well, it describes 

work requlr~d to complete the modelling of the complex mechanical action 

of the middle ear. 
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ŒAPrER 8 

COOCLUSlOOS AND FUlURE DEVELOPMENI'S 

8.1 INTRODUCTION 

The research described in this thesis lnvoived deveIoplng the LouIs 

necessary for -che flnlte-element modell1ng of the middle par. This 

chapter summarizes conclusions drawn while developing and testing thesp 

tools and briefly describes work remalmng ln developing both a Rtôt l C 

and dynarnic middle-ear finite-element model. 

8.2 MESH GENERATION 

8.2.1 Introduction 

Further work is required ta make It eaSler ta generate meshes of 

structuLes of interest. Methods of improvlng the efflclency of the mesh 

generator are dlscussed ln this sectlon. 

8.2.2 TWo-Dimensional Triangulation 

The algori thm used ta triangulate two-dlmensionai conlOUL f~ 

sometimes runs into problems. For instance, the outer ring of the 

contour in Figure a.la could not be successfuIIy triangulated using the 

triangulation routine dlscussed in sectIon 6.3.1. ThIS 1S because, when 

making an ordered list of nodes for the Innp[ rOt f> hrllmrl" ry, th .. 

triangulation routine cannot determine ln WhlCh dirr..:dlun te) (J() ·"hr:n 1 t 

reaches the neck of the lnner core. (ThlS lS becausr: more' thdn t'dO (,(j(y:'> 

extend from the node at the neck.) If no successful trJang11L1tlfm can br.: 

performed as in thlS case the mesh generator trlanguIatps the contour 

as in FIgure a.1b. The resultlng sllce, shown ln Flgu[f~ 8.2a, ...,hlch US(~~, 
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FIGURE 8.1: 'IID-DIMENSIONAL TRIANGULATION OF A CONTOUR 
Figure 8.la lllustrates a two-dlmensional contour whose 

core prevents a successful tnangulation of the 
two-dimenslOnal ring. Figure 8.lb lllustrates the 

triangulation subsequently peLformed on the contour. 
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TOp view Bottom Vlew 

(a) 

Top view Bottom view 

(b) 

FIQJRE 8.2: A THREE-DIMENSIONAL SUCE UF 'I1iE 
LATERAL BUNDLE OF THE POSTERIOR INCUDAL LIGAl1E!rI' 

Figure 8. 2a 1l1ustrates a sllce constructed lJSlng the t'tJO­
dimensional contour of Flgure 8.1, trlangulated as ln Flgur~ 
8.lb, as l ts bottom contour. The mesh generator could not mr~sh 
thlS slice. Flgure a.2b lllustrates a sllr::e constructer:1 uSlng 

the same two-dlmenslonal contours of Figure a. 2a. The 
two-dlmenslonal grld was Sllghtly shlfted and shrunk and 

the resultlng sllce was successfully meshed. 
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thlS contour as ItS bottom contour IS impOSSIble to mesh. A better two-

dlmenSlonal triangulation routlne lS requlred that can handle this sort 

of problem. A more robust two-dimenSlOnal algori thm has already been 

developed for tr langulatlng eardrum meshes (Funnell et al., 1987) and 

can be adapted for the mesh generator. 

At present thlS two-dlmenSlonal triangulation problem can be 

corrected ln a few cases by shiftlng and/or shrinking the grid of a two-

dlmenSlonal contour so that a successful triangulation may be 

performed. ThIS results ln a meshable slice as shawn in Figure 8.2b. The 

three-dlmenSlOnal core prisms produced for this slice are not right-

angled pr Isms but thlS does not necessarily present a problem for the 

mpsh generator. 

As mentlOned ln secHon 6.4.5, a minImum aspect rabo limit was 

found ta be requlred ln the mesh generation process. For instance, a 

mlnlmUm aspect ratIO limlt of 0.2 was used ta generate bath ligament 

mesl1Ps. l'lare wark lS requHed to determine a systematic method of 

detprmullng an optImal aspect ratIO lower Ilmlt, 1. e., one that IS low 

enough not to 1 estnct too many possible topologlcal cuts, but high 

enough to JVOld unrneshable polyhedra as mentloned above. A dlfferent 

algorlthm WJS trled to deterrnlne If unmeshable polyhedra could be 

aVOldcd by gcnetcÜ Ing, a t each eut, the tetrahedron wi. th the highest 

i.'lspect tLltlC1 possll"üe. Before a cut was made USlOg the edge operator, 

.:l11 possüüe cdgE's where thlS cut ((11I1.! be made were noted, and then the 

cut produclng the best shaped tetrahedron was actually made. Thus the 

tesultlng mesh, lf successful, would have a II1gh average aspect ratIO. 

unfortunately, thlS algori thm was not always capable of successfully 
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meshing sUces (even when use of the origInal algollthm could). Posslbly 

this algor~ thrn should aiso fotce all cuts pel fOlmed USll1q the VPI h'x 

operator (~n addItion to the edge operator) ta .11so h<lve as Inqh ,m 

aspect ratio as possible. More study IS reqlllred to detetlnInf' what H~ 

the best strategy to be used to generate a mesh. Posslb1y tins bpst 

algorithrn would be a compromise between the orlg1na1 algolithm ami thl' 

one attempted above. 

One of the factors limltlOg the efflciency ùnd possIble accmacy 

of the fini te-element analysls performed IS the relati vel y low aVPlùqp 

aspect ratio of the meshes used. As the reso1utlOn of a mi'sh lOcreasps, 

an increasing percentage of the mesh IS made up of (,O[f' tcttahedtù. 

Using the present algon thm, these core tetLahpclr,l tÎll' tormpd hy 

construct1ng right-angled pnsms from overlapplng two-dlmpnsHmal ('otes. 

When these cores are shredded, a large number of tetLahedL<l w1th sallet 

riyht angles are formed. ThIS sort of tetrahedron has an asppct ratIO of 

approximately 0.5 and thus slgmflcantIy we1qhts thp aspe t tilt 10 

average of a mesh. Surroundlng tetrahedra of the [lng hiWP ilr. aVPlë)(J(~ 

aspect rat~o lower than thlS and thus the prosppct of a fjood (Jvcrall 

aspect ratio IS poor. 

Ideally the core tetrahedra should have as h1gh an aSOf'1 t rallo a~ 

possible. This could be accomphshed by modlfy1ng the mesh Cjr:neratlon 

algonthrn such that regular gnds on adJacent two-dlmem,lona1 r:ontourF. 

are alternately shifted horu,:ontally 'tlJth 1'!C-,pCrel trI Pdrh rJlhr·r. 'l'Ill' 

amount of shift should be calculéltec1 Sr) thùt thr~ troll dhr rll Il f rH rTlf·rI fI rjm 

the resultlng pnsms all have Internal sr)l u] anrJlr:rJ il', r!rjlldl rI', 

possIble. In thlS manner the a'ierage asp':ct t;:.!tJ(j f)f th,. U)l/' ·t!fjulrl h"~ 

as high as posslble. ThIS modiflcatuJI1 IS not cutu,ul trJ th(~ 'Jw::c(:r,',fu] 

operation of the generator but lt would help ta Increase Its eff1clency. 
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The accuracy of the finI te-element analYS1S performed depends more on 

the worst--shaped tetrahedron in the mesh. 

8.2.4 Bandwldth Mlnimization 

The global stlffness matrix K for a structure wi th many degrees of 

frcedom can be qulte large and require much computer storage. 

Fortunately thlS matrlx is symmetrlc ln structural finite-element 

analyslS. Thus, only the lower diagonal portion of this matrix need be 

stored. ThIS matnx also turns out ta be banded which means for 

entrlfJS of colUJTU1 ] 

k 
1 J 

o for 1 > J + hb~ (8.1) 
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where hb~ lS the haH bandwidth of K and 2hbl\ + 1 is the bandwidth of K. 

Only hb" + 1 elements of column J need be stored. The bandwidth is 

rlctermlned by the differences between the global node numbers of nodes 

Wl tllln elements and can be mlmmized by an appropriate global node-

numbeL Ing scheme (Funnell & Laszlo, 1978). At present the mesh 

l)l'llPLotor numbers global nodes ln arder of increaslng Z coordinate 

vdlue, then Y coordlf1ate value and then X coordinate value. This is not 

opt Illkll If the dImenSIon ln the Z dl rectlon is much greater than that ln 

the X dlmenslOn. Anode renumbering scheme that nwnbers the node5 in 

()llkr of mCt caslng structural dimenslon should be applied to fini te-

(' IpIl1Pl1t meshes sa that global node number di fference wlthm an element 

('<111 bp kcpt as small as possIble. 

8. ,;. s E_x~~_n_de(t...9E..~~~~ 

rt 15 cunently very dlfflcul t to analyse exactly what is happening 
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as an object is belng meshed. At present, analysis of unsllcC'f'ssful 

meshing attempts 1nvoives inspectlng meshed sllce flies ploouccd by tilt"' 

generator visually usmg the dlsplay plOgram SMF and then 1nspN'tllN ,\ 

text recording file to sce how the meshll1g occUlled. Tins 1S Latht'l 

tedious. What lS required lS a d1splay program that couid dlsplay 1.1 

slice (after the mesh generatlon process i s complete) as lt had 1)('el1 

meshed. The user couid then inspect how the generatol had meshed a sltcp 

and interactively determine any problems that mlght have occUlled. 

8. 3 COMPUTING PCMER 

One of the major d1fficuitles in the analysls pctformed 15 the 

large amount of computer resources requi red, bath for mesh generilt lOn 

and finite-element analys1s. Bath the mesh-generation pLocedurc and the 

finite-element analysls require conslderable computer plOceS';lnq t Im(' 

and memory. Th1S analysis will be lncreaslngly effective as mm e 

powerful computers become available. 

Parallel computers break up a task and perform subtasks ln 

parallel. This sort of computer would be capable of performlng mpsh 

generation and hnite-element analysis more qUlckly than t ré)ch tlOn<ll 

computers that perfarm an entire task senally. An analY';lf> of Just how 

the mesh generation and hnite-element algonthms could be separatf!d 

inta subtasks is requ1red. One task that could be ',eparated lnto 

subtasks is the meshing of sllces 10 tbe mr:sh 'j(·r1Pr<JfrJl. Dl f fPl ('n\ 

slices of a structure could be meshed at thr: '3(lmr t 1 ml'. 

8.4 ASSOMPTIONS 

Fim. te-element analysls has been descrlbpr] rJ'J an art form 

(MacNeal, 1987). Ta properly analyse a structure uSlng flnlte elements, 



an understand1ng of all assurnptions and approximations made along the 

way 1S requi red. 

The model developed dt present is a linear, homogeneous, isotropie 

model of a llgament whose geometry is only approximately represented. 

These approximatlOns are due to artifaets produeed when preparing the 

hlstologlcal slldes and due ta the lack of an absolute alignment 

rcference 10 this data. Errors in tracing and errors produced when 

trlangulatlng contours of outlines of structures of interest also 

contr1bute to the geometrical approximations. As the modelling procedure 

15 reflned, sorne of the se assumptions and approximations can be reduced 

but It 15 critlcal that the1r effects be analysed and understood. 

8.5 MIDDLE-EAR MODELLING 
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The Intended directIon of future work on the middle-ear model is as 

[ollows. Once the lateral bundle of the postenor incudal ligament has 

becn anLllysed, the other structures requlred for the statlc model of the 

mlddlc ear must be analysed ln a similar fashion. Once these meshes have 

heen pLOduced, meshes of aIl structures w1l1 be lntegrated into one mesh 

leprescntlng the mlddle-ear osslcles and soft tissues. 

In1 tl ally a statlc analysis will be performed by loadlng various 

pOlnts of the manubrIum. Next an analysls of undamped natural 

fLequencles wlll be done to indicate what frequencies will probably be 

of I nt('[(>st 1'1 a dynamic model. Next, bath the damped a'ld undamped 

flt'qupncy response WIll be tmalysed. 

As the theoreticai work on the mlddle ear proceeds, experimental 

WLll k WIll be done by collaborators S .M. Kharma (Department of 

Otolûtyngology, ColumbIa UnIversity, New York) and W.F. Decraemer 

(Laboratory of ExperImental PhySICS, UnIversity of Antwerp, Antwerpen, 



.. 
Belgiuml to validate the model. These expenments may inv01 VE' 

stimulating directly various points on the manubnum ta bypass tIlt' 

effect of acoustical stlmulat10n of the eardrum. Also the stapes Illay De 

fixed or freed from the oval window ta el1minate the effects of the 

cochlea. Detailed measurements and analysis of vlbration modes of tht> 

manubr i um can be made. 

As th1S research proceeds results should help ln teflmng the 

eardrum model. Dynamics of the ossicular aXiS of rotatlOn wi Il bp of 

great help in determining the loading of the eardlum. The osslclp and 

soft-tissue model wlll eventually be lntegrated Wl th the eatdlum mndel. 

The pattern of eardrum exc1tation lS Important ln ctetf'tmll11llq the 

loading of the combined eaLdrum-middle ear model. Modcllinq of the sound 

pressure variations at the eardrum is needed. An acoustlcal fimte­

element analysls of the ear canal will be performed 111 thlS lab ln arder 

to determine these varIations. 

L'·I 

The finite-element models of the ear canal, eardrum and mlddle eaL 

should add signlflcantly to the understandlng of the ear external ta the 

cochlea. 
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