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ABST~ACT 

, 
This tliesis prese~ts a tiew metl\od foi aqtpmat1c generaiion of three-dimen· • 

sional tetrahedraHinite..element, rriesh~s withln objects. This 'method is especially 
useful when the objec~ tQ be mode lIed has a highlY· irregular shape. The. base 
geometric model used is a ·set of seriai crQss-sections of the object. These sections 
are first triangulated on a grid of noç,es. "Theo objeét is then divjded in,to sliçes, 
each two consecutive cross-sections 'corl:stituting a slièe,' and each s'li~é is meshed 
~parately. For each slice, nodes on the ~op"arid bott~ 'surfac~ trIangulations are' . 

- joined to form a central mesh ~f pentahédral prisms. ,These prisms are in turn -., . 
shredded into three tetrahedra each to form the core of the tetrahedral mesh. The ' 

-remaining outer layer of the slice is then as"Sembled into a polyhedral strùcture aNd 
meshed using four operators that work on the topology otthe polyhedron by cutting 

/ , "-

tetrahedra from it. The meshed slices are' finally merged to form the global mesh. 
The shapes of the elements in this mesh are improved by reJaxing the internai mesh 

- nodes to an equilibrium position wheré each node is at the c~nter of, gravit y of the 
other nodes attached to it. 
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"SqMMAIRE 

. Cette thè.se présente une méthode nouvelle pour la production automatique 
" le maillages' trl-dirnensi~nnels clans un. objet, pour la méthode d'éléments' finis. 

Cette méthode est· particulièrement ut.le quand l'objet étudié a une forme très 
irregu~ière. Le modèle géométrique de base utilisé est une série de c~mt()urs de 
séctions de l'objet étudié. Ces s~ctions sont d'abqrd triangulées sU'r une grille de 
p_oints, puis l'objet est divisé, en tranches, chaque tranche étant déterminée par 
deux sections cORsécutives. Chaque tranche 'est ensuite maillée individuellerpent. 
Pour chaque tranéhe, des points sur les surfaces supérieures et inférieures sont 

-joints, formant u'n maillage central de prismes. Ces prismes sont à leur tour divisés 
~n' trois tétraèdres chacun, complétant. le maillage central. La couche extérieure 
restante est 'ensuite assemblée en une structure polyédrale et maillée à l'aide qe 

. quatre opérateurs agisséfIlt sur la tqpologie du polyèdre en coupant' des tétraèdres. 
Les tranches maillées s~nt ensuite assemblées pour former le ma~llage final. Les 
formes des éléments dans E:e maillage sont améliorées par une méthode de relaxation 
des 'poihts aboutissant à une position. d'équilibre où chaque point.est situé au centre 

. \de gravité de tou; les autre points qui I~i sont attachés. 
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CHAPTER 1 

Introduction 

1.1 The Fihite-Element Y!ethod. 

Solutions to a large c1ass of problems in engineering analysis consist of.solv-
_ c 

mg a set of governing differentiaJ equationsjor mmimizmg an energy functlon.al 'over 

a domam, glven sorne boundary cohdltions Analytical methods provlde exact solu-

LIons to sorne simple clisses of differential equatlons, but" for rnany interesting two-

/' and three-dirnensional problems, exact solutwns are Impossible to achieve. ThiS can . 
. .' 

be due to the complexlty of the equatlons in question, t~e.çompl~~ity of the domain, 

or both. The finite-element method has proven to be an excellent cornputatiOnal 

tool for ~rivmg ~t numerical solutions to such complex probiems [Gallagher 1975, .. , 
Silvestet & Ferrari 1983, Stasa 1985, Strang & Fix 1973, Zienkiewicz 1977L-

. 
In the finite-element method, the problem domain IS first discretized into a 

finite number of simpler suh-domains, or elements. A solution-is then approximated 

over each of tllese elements individually, in terms of the boundary conditions on the 
-J' 

element. For each e1ement, the local equatibns a.{"e p'ut in matrix form and used 

t~ '2CJnstruct a global system matrix, using the fact that the element boundary 

conditions are identical at ea~h element-to.-~leP1ent in,terface. ~is final ma~x 
de fines a ;;~t 'of simultaneous· equations that are solved for the global solution. 

The method was originally extènsively used in two-dimensional problems. 
o 

However, advances in computer technology in the forro of faster machines and better 

o 

1 
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algorithms are making the solutions of three-dimensionl and larger two-dimen-

, sional prooLems possible. These include problems in stress analysis and structural 

design [Bathe et al. 1973, Zienkiewicz et al. 19101, fluid mechanics and heat transfer 
• 

[BaKer 198seng 19~5j,' electromaghetics.[Chari 1980, Silv.ester & Ferrari 

Zienkiewi~z 1~OI, and recently in. biomedical engineering [Funnell & Laszlo 

Little et al. 1986, Murai &t Kagawa 1985, Yamashlta & Takahashi 19841. 

t 

-1.2 The Finite-Element Mesh 

\ 

1983, 

1978, 

The deçomposltion of an N -dimensional domaln mto fimte elements IS ca1led 
" 

an N -dlmenslOnal finite-elèment mesh, and has to .satlsfy two main conditions. 

(1) The umon of al! the elements ln the domain IS the domaln Itself; and (2) The 
~ 

mtersection of any two elements is elther nûll or a full l-dimensional face. where 

o S 1 < :V. Thus for a three-dimenslOnal mesh, any mtersection is elther 'flull, a 

pOint, a full edge'or a full face Furthermore, and as a softer,req..\llI:ement, tcrproduce 
/ 

optimal results, the 'mesh elements must be as 'equilater~l' as possible avoidmg i~-
. , 

ternal angles that are too large or too small :Babusk~ & AZlz 1976, Hermeline 1982, 

Sibson 1978i. 

• Clearly, the slze and shape of the elements affects the complexity of the 
, ' . 

solution and tire accuracy of the resu'ks and several element shapes have been de-
, .... ~ 

veloped-rand llsed 'for diff.erent environments and purposes Argyris 1965, ArgyrJ 
, . 
1968, Clough 1969, Hughes & A'llik 19691, However. the most widely used ele-

-

ments have been the triangle and quadril.ateral in two-dimensional analysis. and 
, . 

the tetrahedron, wedge (pentahedron) and brick (hexahedron) in three dimensions. 
, , 

ln addition, the edges of these elements. need not be straight, and curved elements 

~aving second 'order (quadratic L or high.er order e~es can also be used.- Argliments 
- , ... ' , -

have been' proposed as to the superioritY'of one shape or the'other. but usually op-
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timality is aïctated by several façtors, i~luding the desired precisipn of the results, 

the size and speed of the computer being used, the geometry of the pr,oblem and 

the cost limit of the analysis. 

Tetrahedra will be used in this work for several reasons. Tetralledral elements 
1 

are three-dimen~ional simplices and thus have the smallest number of nodes, faces 

and edges of ail three-dirnensionaL,element~ ThIs makes them simpler. to manipulate 

before. durjn~ aud after the analysis (preprocessmg, processing and postprocessing) 

They are also 'compatible wlth most finite-element solver software packages so that . ~. . 

. the output of a tetrahedra.L mesh generator can be readily used. [n addition. the 

topological three-dimensional simplex properties of tetrahedra make them ideal for 

meshmg Irregularly shaped three-dlmenslonal obJects, since any polyhedral object 
, 

can be descnbed as the UnIon of a set of tetrahedra :Alexandroff 1961,. 

1.3 Thesis Outlinè 

_ ~ r . 

This thesis proposes an automatic mesh generation method that1can be us~d 

êto mesh arbitrarily sh~ped obJects. This is particularly important in the biomedicaJ 
. -

field where such shapes abound. The method takes advant'age of an easilv available . . 
Jata representation by using seriai sectIOns of an object as a geometric mode!. - -. , 

- 0 

Chapter 2 provides a s'urvey of the literature on three-dimensional mesh 
, o 

generation techmques with a desçription of the diffefent methods"and comments on 

the pros and cons of each. ft als6 presents the motivation for this work along with 
1 

a brief overview of the proposed method. 

1.1 

Chapter 3 introduc~e~ the concept of selial sections as a geometric model of 

the object being' analyz~. The-data acquisition meihod is described and the two-

dimensional triangular meshing , technique that provides a basis for the proposed 

3 
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0 
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three-dimensional method is discussed and its purpose èxplained. 
o ! 

. 
In Chapter 4 a high-speed rriethod for meshing the <:ore of 'an object, based 'on 

the two-dimensional technique, is presented. This involves creatiiig a regular mesh 

of tr~gular prisms an~ shredding it into tetrahedra. Two theorems on s,hredding 

pentahedral pris ms are given and proven. 
/ 
. 

Chapter 5 is concerned wïth asserribling the remaining' outer layer of the 

object and checking its topological conslstency. A description 0.(, t?e data structure 

employed will aIs? be glven. 

In Chapter 6 Eulerlan met'h operators are introduced, and, the topological 

mesh generatlon technique is descnbed. Previous attempts at providing a com-. " 

pIete set of operators will be Showh ta. be lacking and a more complete set will be 

presented. Three classes of irr~ducible polyhedra will be introduced and discussed. 

f? A. method to measure the 'quality of the generated mesh and a way to Improve 
{ - ~ 

the sjlape of the elements through node relaxation will l)e proposed III <Zhapter ï. ....-

The results of the mesh generatid and relaxation are l>resented in Chapter 8. . " 

. . 
Finally, Chapter 9 cfntains an evaluation of the method and 1 comparisons' to 

other methods, along with som~ further~ considerations and possible de~elopm~nts. 

o 

The r~ader unfamiliar with topological concepts or the notation used is re-

ferred to tlie Appendix, where a short review ~f the essen'tial geometnc and algebraic 

top~logy concepts i~ ·presented . 

J 
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CHAPTER 2 

Three-<iimensional mesh generation methods 

2,1 Introduction 

In the finite-ele~ent analysls of three-dimensional problems, a major stum

bling block has always been that of prol:51errt description to the computer. This 

includes the 'generation of the three-dimensional finite-element mesh to- span the " 

problerri domain. Since manual mesh generatlon is very error prone and timè con

suming, designers have been seeking to aut~mate the mesh generation procedure 

as much as possible. Generating two-dimensional meshes automatrcally is now 
, . 

• r " 

common practice and done using any one of several methods [Helghway & Biddle-

combe 1982, Kamel & Eisenstein 1970, Thacker et a.l. 1980, W,atson & Philip 198'4, 
fi 

Zienkiewicz & Phillips 1971). In three dimensions, on the otlier hand, automatic, 

or even interactive mesh generation is not so simple. Due to the import,ànce of 
. / ' 

the problem in design analysis, qui"te' a few mesh generators exist today-, and they 
'\ 

can be loosely grouped in four major classes. This chapter will review .the different 

techniques used in three-dimensional mesh generation, and present the motivatiqn , ) 

for the new method proposed in this thesis, along with a brier description of the 

method. 

.... 
2.2 Interactive Gra.phies 

This form of mesh generation [Biffle & Sumlin 1977,e Bryant &: Freernan 
" 
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'1984,,_Kamel" & Shafita 1974, Kirchh~ff 1974, Per~cchio' et al. 1982, Thornton 1978] 

is the closest to m~ual mesh generation in that all the aspects ~f the procedure are 

controlled by' the user. The macÏn difference lies in avolding manu al entry of nodal 

coordinates. Instead, the computer is used to visualize th.e mesh as it is created, ' 
< 

ans:! graphic input devices are \lI5ed tO' define cobrdinates. Compared to manual 

mesh generation methods, this reduces the possibility of err,pr and saves time in 
• 

generating the mesh. The main problem here Ües ln the two-dimensional nature of 
, .... 

the traditional graphies devices making the proper entry and,: viewing of three-di

mensipnal data very difficult for anythi-ng but very simple shapes. Tnree-dimen

sional ~iew'ing dev,ices ,'Faja~S 1979, .Har~r~ et al. 1~86, Jansson et t 1979, O~ oshi 

1980, ~:itover 1981: bemg stdl too expenSlve for wldespread use, several metho.ds . 
for Improving the two-dimensional display of three-di~ens-ion~1 models have been 

tried. Some, for exâmple'(luse projective views of the object being meshed to help . . 
the user 10èate and define nodes in space. Typically, anode is defined .by pointmg at -. 
two different projections in two windows and the three-dimensional cOQrdinates are 

reconstituted accordingly from the projections. Other methods rely on perspective 
", " 

views, hidden-line removal, real-time rotation o( the o?ject or any combinat Ion. of 

these lo create the samé effect. In addition"such utilities as DELETE. MERGE. 

'0 , 

, ~ , 

JOrN, etc. are pr~vided 'to facilitate certairt aspects of the mesh gene.ration, so th~t \..... 

complex objects can be divided into simpler modules that are meshed indrvidually 

'and, joined later. These generators are usually highly interactive and demand a 
~ L' • ., 

large amount of' work from the I:1ser. They ar~ also very impractical for large or 
, , 

complicated objects, and cannot pe used in batch mode to save o~ processing costs. 
o 

On the other hand, they provide a large ~unt of control and" flexibility in creating 
" 

-the mesh, arereasier to implement and "require I~ss memory,·a fact that can become 

important where smaller machines are concerned. 
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2:3 Mapping Techniques 
, " 

.. 
The :term "mapP,ing is usetl in this c.ontext to incl';de both interpolatjon 

mappings [Çook 1974, Haugerud 1978, Imafuku et al. 1980f and deformation map-. . . 
pings [Coulomb et al. 1984, PissaÏtetzky 1981]," methods that have the~r root's in 

1 

" two-dimen.sional mesh generation mapping techniques [K~mel ~~nstein 1970, 

Zienkiewicz & Phillips 1971 J, and are by far the most prevalent today. In three-di- t 
()'" 

\ . 

mensional interpolation methods, the object is defined by a set of cross-sectional 

-, 

curves matching as surface at a number of S}ltting planes, and by a set of corre- " . '" . _ , «:P .. 

sponding interpolation functions between the; cross-sections. The same n1/rp.ber Qf 
~ f' r . ' 

npdel!i is generated, and join~d inside each cross-section, lorming a two-dimensional 

mes.h at each level. 'Corresponding nodes on consecutive sections are then joined by 

interpolating between the,m. The resulting three-dimensional elements depend on' a 

the nature of the two-dimensional meshing at the cross-section level. Thus brick el-

, ." ements are formed if the. cross-section~)are diviged into quadrilaterals (Figure 2.1.a) 
\ ~ 

and ~edge elements are formed wher~ trian.fular elernents are" used (Figure '2.1.b). 

Deformation methods on the other hand start with an 'existing topologically 

~orrect. regular mesh in a parametric space. This par4rnet1 mesh is then deform:d 

into the real object space so that' the nodes on its ~urface are relocaied to lie, on 

the sUlface of the object being meshel This can 'either be done interactively- or by 
..' (1.. ,. 

choosing sorne suitable functions that map the parametric coordinates of the object 
.. 

into. Euclidian spacê (Figure 2.2),-

These methods give excellent results for regular shapes pos~essing sorne forrn . 
• 

of ~rQss~sectional symmetry and where the shape of consecutiv~ cross-sections does 

not change drasticallyo but present a 'few problems in oth~r geometries. For exarn-

pIe, since the same 'nu~ber of nodes is distributèd inside ea~h cross-se.ction, nodes 
. . , 
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Figure 2.1 

. Bricks a~d we~es. \ 
a) Quadnlaterals le ad to brick-shaped elements. 
b) Tr!angles Jead to wedge-shaped elements . 

A' 

A'·F(O:O,O)-F(A) 

8'·F(l,O,O)-F(8) 

C'·F(l,O,l)-F(Ç) 

O'·F(O,O,l)-F(O) 

----c' 
• 

. ~. 

ACO,O,OI 

Figure 2.2 

Mapping between spaces. 
The funC"tion F maps the parametric unit brick into Euclidian spafe. 
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in incre.asingly narrowing cross-sections become uselessly cramped in the smaller 

cross-section, rèsulting in an inc~ease in the nurnber of 'nodes. used to solve thtt ' 

problern, and the production bf badly shaped, narrow ele\nenfs. ~nother problem, 

is encountered when meshing' highly irr~gular shap~s. 'In these ,i~stances inter po- \ 

lat ions from one Cfpss-section to th~ next often result in bad elernent shapes in ., . 
interpolation rnetho_ds. and a proper rnapping function is extremely hard to find 

for deforrnation methods. Although requiring sorne initiai directio~s from t:Jte u~er, 
mapping rnethods can be ~et up for batch processing and can be relatively inexpen-

sive computa!ionally. 

j 
2.4 Filling Techniques 

Th~se rnethüds are generally used to produce meshes of tetrahedral element,s. 

They consist of generat ing nodes inside the object to' be meshed and filling it with 
. 

elements by generating tetrahedra to surround the nodes. The most widely used 
\. -

method to achieve th.is is that of Delaunay triangulations rBrostow et al. 1979, 

Cavendish et -al. 1985, Hermeline 1982 l Watson 1981). For a set of n nodes, a 

Voronoi polyhedron VI associated with a node Pl is defined as the set of p~ints tIiat 

are closer to p! than any other node: 
y 

o 

.1 This definition implies a partition\ of the domain into distinct polyhedra. Joining 

') neighbouring nodes ~.e. nodes whose corresponding Voronoi polyhedra are adjq.

cent) produces the dual of this partition, the Delaunay triangulation, which ig. ~ 

valîd tetrahedral rneshing of the domain, except fQr (sorne special cases which can 

be detected and remedied. The two-dimensional case is shown in Figure 2.3: 

" \ . ~ 

Other interesting techniques have also been proposed. In ,~guyen-Van-Phai , 

1982] for example, an edge joining two vertices in the set is selec~ed and sutrounded 
- .' ~ c1 
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Figure 2.3 

2-D' Delaunay triangulation 
A partition of the plane, by a set of.points PI, ... PI3 
into 13 Voronoi polygons, and the correspondil}g De
launay triangulation . 
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\vith tetrahedra deflned by nearby vertices. This procedure is repeated tor aU t1le 

generated edge;s, making sure that the newly formed tetrahedra do not intersect.. 
~lr~ady existing on~. 

AIl these methods have simflar problems. The first one is that for any non

"Simple shape, generating the nodes inside the region is not à trivial op~ation. 
~. ~ 

Second, the resulting mesh is a three-dim~nsional triangulatiQn of the con~e~ n·ull 

of the generated nodes, irrespective of the actual shape of the object. A substantial 

, amount of additional work is the~ required to take care of holes and concavitie~. 

Third, these methods can be computat\onally expensive for large systems of nodes. 
. , . 

The main advantage of node-insertion methods likè the Del~unay triangulation is 
• 

that they' are naturally suited to adaptive mesh refinement techniques, where a 

coarse mesh IS first c,onstructed and subsequently refined by inserting nodes-in the 
, / 

locations of greates1 error 1 Cendes & Shenton 19851. , . i' " 
2.5 Cutting Techniques / 

, 

.More recently, topology and topological operatioqs have taken a more promi

nent prre in three-dimenslonal mesh generation [Ewing et al. 1970, ,Ma~tyla 1983, 

Woo' & Thomasma 1984, Wor<!enweber 19841, asome perceived deficiencies 

i; the traditional approaches. Topological metIlds, i~vo.l:e cutting off tetrahedra 
, 

from an object, as opposed to filling its volume with te~rahedra as in the previous .. 
method. The object is usually defined as a polyhedron witn lists of faces, edges and . . 
vertices, along with pointers defining their topoiogical relationships .. The cuts are 

done according to rules ensuring the topo1ogical consistency of the resulting mesh, 
" . .. . , 

without generating any new nodes. "):The two main operators are common ,to ail the 
_ • 1 1\ 

1 1. 

methods, however, and are the actual cuMing o~erators. They act on a struçture 

by removing a tetrahedron identified by a vertex or an edge, respectivel}'. A.gain,,-. 
" 

• 
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these techniques are used to produc~ te~ahedral element mesheti, and at "east two 

methods have already been proposed using very similar operators. It wilf be shown 
4 ' 

in this thesis, however, that these operators are incomplete, failing on a la.Jge clas's 
<' • • -- ---

of p.olyhedra, ~nd a more complete set~ operators 'will be introduéed. Gen~rally 
-

these methods lend themselves weil to automatic mesh generation and produce con-. 
~ . 

sistent meshes, even for arbitrary <6hapes. They are, however, relatively slpw and 

require a polygonal surface descripti~n of the obj~ct, which can' be hard ta produce 

for non-simple shapes. , 

2.6 Still. Another Method? -
r It must be clear by now that there is a ~ide variety oft three-dimensional 

mesh génerators that 'are capable of 'meshing weil 'behaved shapes. On the other-' ........ 

hand t these rriesh generators are not weil suited for meshirig irregularly shaped 
-

~ objects. RecentIy, however, scientists have been interested in three-dimensional 

finite-element analysis in fields where the objeçts under ~tudy can take on very . ~ 
irreg~lar s~apes and are very difficult to mesh pr<!perly. The lack of'app,ropriate 

~ 

mesh generators in these cases is apparent. The main objective of this work Wa$ 

thus to develop a fully autom~tic mesh generator to be used f~r such shapes. 

As for any mesh generation methoti, this metAod-starts with a geomet'ric 

model of the object uoder study. The geometric model in this case consists of a 
~ ,.. - .. 

set of seriai sectio'ns, as des~ri'bed above for- the interpolation techntques. Seriai 

sect}ons have bëen ~xtensively. used in several are .. as Iike anatomy and geol~gy to t
scribe geometrical properties of obj~ts and shapes, mœtly for surface and volurbe 

• 
reconstruction [Fuchs et al. i977. Gaunt 1~71, Keppel 1915, Tipper 1976. Vee~ & 
n 

- --- Peachey itn7:' In sorne instance~, seriai sections are the only available represe~ 

tion of' the object under study~ Since seriai seètions are often aiready available Cor .. 

12 

" " 

'. • > 

;:" .~. ee: ~ •. __ ~;,c};,,~~"';t-! 'i-.<.~ _: .~"'.~.:..~: lf,i!i 



• 

.,:. .. 

, . 
-; 

, 

F----;"'" 
~~~, 

','~ ;'%~ ;'-~"<~.:~';',·[:~';!'~:~~";~·\';'~;~~~!ft~t~?",;;".: ,-(' --:-7~Ç;~~{r7~~;~ :~": ";--, -
," , 

~bjects in the life sciences and can be easily produc~d in other engineering appli~a

tiO~B, a mesh generat~ that takes advantage of this fact would greatly reduce the 

amount of time required for modelling the object prior to meshing it, whil'e" at" the 

samè time simplifying a large portio"n of othe meshing procedure. ' 

2.7 The Proposed Method 
o 

o 0 

SeriaI cross-sections thro"ugh an .object logically div ide it into sliees ,of finite 

thickness, with. each t'wo consetutive sections taken to define the top and bottom 

surfaces of a slice. Although not a requirement, we are assuming here that the 

cutting planes are parallel. The cross-sectional surfaces are each triangulated on 

a grid plane, using ~he same gri-d for aIl the sections. This will cause each two . \ . 
. , 

cOf\Secut-ive sections, whose proje~tions on the grid plane will usually overlap, to 
\ 

'contain identical nodes and triangles within the interlap area. At this poin",ach 

slice is processed i~dividually. -. 

• _J 

First a central core of pentahedral prisms is generated by pairing ~p matching 

triangles from the upper and lower triangulatiofls., and the prisms are shredded 

into tetrahedra. Tke 'remaining portion of the slice, usually a torJis~e structure 

surrounding the core, is assembled into lists of related triangular faces, edges and 

vertices, the~ meshed using a set .of four topologie al operators. When aIl thé sUces 

have been process~, they are put back" together to form 'the whole thre~dimen

sional rriesh. This can be easify done because the sUces interface exactly at" nodes. 

edges and faces, since, for any two consecutive sUces, the top section of the lo~er 

slice and the bott0!ll section of the upper one are identical. Finally, the internai 

nodes are relaxed to improve the shape of the mesh elements. 
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CHAPTER 3 
~ 

o 

l , 

Setting up the cross-sections 

3.1 Introduction 

J 

The need to describe the problem geometry to the computer is a problem in 
,~ - t 

itself, since !Ilesh generators ~sually require a geometric model of the objyt to be 

shredded. This -problem is usually solved through the use of a geom,etric modelieJ 

\vhich, from sorne user-provided input data, produces a geometrical description' 
f • 

of the object, compatible with the analysis program that. will be making use of 
- - 1 

it. A standard ·specification for geometric models has- been developed [Smith et 
~ 

al. 19~31, and several geometric modeUers are in use today [Baeret al. 19791, the 
~ 

m_ain requirement- being that the -geometric properties of the modelled objeét be 

described to a certain' degree of accuracy. Seriai sections of an o~ject certainly , 

"" define the outside shape of the object with an accuracy proportional to the ~icing 

resolution (the distance betweeri two consecutive slicing planes) and can -thus be 

used, in digitized form compatible with processing on a computer, as a geometric 
" 

model. In this chapter, -the acquisition and digitization of the seriai sections wiU 

J;>e covered, and the two-dimensional trianguLar mesh generation method. u15ed to 
. . 

generate the two-dimensional contour meshes that are the base of the three-dimen-

o sional mesh, w'm be described. 

.' ; ~ , ..... ,.. . - .. - - _.,~ ,~ .. _, 



o 

• 

.' 

" 

3.2 The SeriaI Sections 

- SeriaI sections consist of a set of two-dimensiona.! cross-sectionai èontours 

of the object, usually parallel and taken at tegular depth intervals. They can be 
, ~ 

obtained by one of several methods, depending on the nature of the object BI-
o 

ological sectiOns are, for example, taken either by actually slicmg the obJect and 
'/ 

preservmg the slice, by computed tomography (CT), or by using a scannmg ml-
. . 

croscôpe, adjustmg the focus at dtfferent depth leyels and photographmg the focus 

plane. Tpe cross-sections_ can b~ taKen in any direction, but" the node coordl.nates 

are adJusted so that the X -y plane IS parallel to the slicmg planes and the Z axis 
c 

, 0 

paraHel to the slicing direction (norm~l to the slicing' planes) This convention JS 

easy to Implement and greatly fâ.cilitates the mqdelling. 

3 3 The Seriai Contours 
o 

~he geo,metric data file containm\g the ge~metric mode 1 of an obJect IS next 
o 

generated from these cross-sectiOns by stonng the X-Y coordinates_ of pomts on eac'h ' 
, J 

o ' of the, contours. along wlth a dlstmct Identifier correspond mg to the Z coordlnate 

of, that contour 
, ' 0 

To do that. the ongm and X-y ,axes have to be Identdied on 

each shc:e, and dpfb.,d on the dlgltlzmg plate. This insures that ail contours are 
, . 

dlgitized on the same frame of reference, therefore- correctly descnbmg the obJect. 0 

The axes on the digitizer and on each contour are then superimposed and the 
--

contour followed on the plate wlth a g;aphic mput device such as aostylus Pomts 
,,-

on the contour are selected, digltlzed and sent to the file. Due to the arnount of data 

that c,an be generated thls way, a data organization scheme is usuany necessary at 

this point_ The rec-orded points n~ed not be equidistant on the ~secdon contour. nor 
" 

constrained in any other way, e'xcept for being consecutive in one direction onothe 

orient~d contour. Since eàch slic~ lies a.t a different depth, the depth value (the Z 

........ ' 

\ 
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coordinate of the slicing plane) has to be input separately along with each slice. cThe 

distance bet~een successive Z coordinate levels determines the std,ndard mt>as,.ure. 
~ 

that will be used as a UnIt step throughout the remaining pr()('ed\lr('~ 

3..4 The Cmform Grid ylethod 

o 

Qnce the contours are ôbtatned. the first ~tep III tilt' llw~h g('nNatlon ct/go • 
.-, 

rithm 15 started Its purpose IS to generate loo~ely mal ( h 1111( 1 rtct!ll( IIltH nit'.,I\('~ 01\ 

consecutive sections tn such a way that ru, many of tlwlr r\Odl'" .1." p()s~lbll' e,UI IH' 

jomed by vertIcal edges tü form pt>ntahedral pfl!>rn'i l'rom p.ur" ot 1 f!,U1RI('''-.( Flgllre' 

3.1). This IS accompilshed hy constramlng ail tilt' Irlar~.lIIO!l" ln Ill: pn!orrlll'd 

on the ~ame gnd of node~. follqwlng the procl'durl' oull!!l(·d Iwlc)\\ F'IIl!!('" 11)1"U 

Define the gnd plane and ge f1l' ra 1 l' 1 hl' gnd !lod.·" rh, ~rld pl.lll" '" "JMIl fH.'d 
u 

hy twô oblique tnlegt>r roordtnate tt.,X(·'i. 1 tH' 1 .lIld.J XI'.,." I~IR .ll hO \\ Il Il 

re<;pect tü earh other ThiS .lngl«' h,l." bC'f'n (I!O.,('Tl Irl nrdl'r ln Oh!,llll ,l 111(·.,11 

t The gnd lalll(f' 15 bOllrl'df'd bv IIH' lJ.\r.dl(·logrMIi ('fiC IO.,JflR .dl nt t Il<' (OIlllltll·,. 
, 

dnd whose lower and lefl .,lCll''' ar(' tlll' 1 .uld.J .LXI·". rt'''JH'C 11\('/\ Till' l ,l\l~ ''1 

cletermmed by the global lJunlrnurn \}' ,()ordlll<l.ll' III 1 hl' nodc' ,oordlll.ll"" tdt' 

The J axiS IS deterrnined bv ~tw IlllN .... ·( lion pOlllt of .1 ~lidllll( 11I1f'. forlllllll( 

o 
a 60'0 angle wlth the f d,XI.., .• l/\d 1 lit, unlOIl 01 tIlt' ,·cmtollr.. TIIf' f1t11(11l '" 

on the plane are Ifif>ntlnt>d bv 1 hf'lf f·.J (oortiintllf'!\ on th .. tw{)-C\inwII"Iloll.tl 
.. 

lattlce ' 
. , 

Ih 

Il 

, 
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Figure 3.1 

Pentah\~dral prism. 
ConstructIOn of a pentahedrai pris,m by joming two trIangles. 
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Figure -3.2 

J:he grid of nodes. 

l 

... 

Jo~ning the grid pOints gives a mesh of _equilate~al triangles. 
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Since the object has already been aligned with the Z axis. and"1he grid plane 

is a.ssumed to be the X~Y' plane, the projectien can simply be dont> by sf'tting 

the z.. co~.r-di!lates ~ the contour nodes to zero.' 

. r--' 
3. The contour is redivided into new equal ,segments as close to unit st~p lengl h 

o 

as pOssible, generating a new'set of equidistant boundary nodes and (·dgf'~ 

of equal length. This is do ne by calculatmg thf' pf'rlmetf'r of t he contour, 
\ -'1" ~.:! 

divlding this number by the unit step length ,tnd truncating tht' rt'sult 10 

determine the number of nodes that should bt> ntt(·d on the r.ontour. Tht>M" ~ r '. , 
"nodes are then uniformly distnbu:ted on the pf'rHTH'If'r 01 th" (Onl'lHÎr. gt>ll-

eratmg the ne~ segments along the wa~. TIH' ,llI' of 1 ht'~(' "('grTIt'Ilt.s will 

generally be different from the unit "tl'p. unle"9 t Ill' pt'nCllt'ler h,lppl'II~ 10 tH' , 

~ an integer number of "teps. Thl~ 'itep fan bf' t''<plletl Iv oVNnddt'll hy t tIC' 
eo 

user wheq the speClfied contour nodt's .,hould .not l>t' !lIovl'd. ,\.., ln 1 ht· (',1.'>(' 
... 0;. 0 

l2: ç;'Ic; o • 
where- they define a naturally occurring bounddf'\ 'Hl 1 IH' ol~jt,(t .,urfa, t'. lor 

example . 

.... \clark the nodes that Ile mSlf1e t IH' contour. 10 WII hlll ,l glVl'1l tolt'reln! l' '\Wél\ 

from the boundary (Figure 3:n 
. ) 

l1H' tol('rann' Il! u~4·d 10 (·III1I1I1d,[I' !lot!.''\ 

that are too close to the' boundary aIld 1 hat ('OIdd ('al1~f' narrow 1 ndnJ(I('~ ln 

be generated. AccordinJ( lo the Jordan furVt> 'Î.Ill'orl·m Coura.nt & Hohbllls 

1941 , a point lies IIlsldp d, rlosf'(i, (UÇVf' If dny pdlh l'manallllJ( from lQ;!t 
, " a 

point mtersects the CIJrVP III dn ode! nurnbn of plac'''i. Till; tlwor('m l' u!'It'd 

here by checking, for f!arh nod(' , the numb .. r of co'ntollr f'dg('!l lhal inl"n~ .. c 1 a. 
1 . • 

horizontal half·linp. oriJ(lIlat Ing al ! hat nod,. 'l'tu> notie Î!I ~mu(j .. l h .. «u"tmlr . 
if the half-lin~ intf'r~('(ts a.n ocid nurnbpr of contour .. dK~" 

."J. Join marked neighbounnK nodes to form a. tnanK\lIar rnrfth f)f "(lUilalrral 

IH 
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Figure 3.3 

Flagging internai nodes. 
l\'odes that are insid,e. the contour. but not 
too close to the b~undary, are ftagged. 

)( 

o 

Figure 3.4 

Making the equilateral mesh. 
The internaI nodes are joined to make an 
equilateral mesh inside the cont.ou~l 
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triangles in.~ide the ~onto'ur (FigU're 3.4). 

\ 6. Determine the boundary nodes and edges of this mesh. 

~ ~ 

7. Join the boundary nodes of the internaI mesh to the external contour hound.-

ary nodes, surrounding the internai mesh 'with a boundary layer of triangles if' 
. , - . 

and completing the rnesh (Figure 3.5). The rnethod used 'Fuchs et al. 1977, 
~ 

Funnell 19841 relies on Joining neighbouring nodt>s on the Iwo houndaries 10 . 
form triangles by optimizing a cost functlon .. \ny olle of s(iv«'ral ("ost rune-, 

tions can be used, including the area and the ndrrOWnt'SS 01 tlH' trldnglt's. 

R~peat steps 2-7 for ail contours. 

r 
3.5 Conclusion 

1 
':\Ithough sorne other methods. not neœ'5sardy gCllt'rdl.lllg t·(luddll·r.d trldll-

gles, could have been used to the same effect. the most irnport ant rl'1:lult- of tilt' , 

triangulation described ID thls chapter 15 the production of ,t IMgt' ').·t of Idt'lItl(",11 

triangles "mslde the two-dimenSLonal mesh(~s of «)n~('cutIVl' -",'l"tIOll1') 'l'QI') r{'''ult 

will be used..in the next step of th~ algonthm t.o gt'nNêlt(· t IH' pPlItalwdraJ pn:-.rrll'I 

forming the core of the three-dlmenslOnal rn(·5h. Il .,hOlÎld he nOLt,d Iwrl' that 1 hi1'l 
o 

particular method of triangulating the cro~s-section8 rt>sults in a differt'nl nurnbf>r 

of nodes being generated at each levf'l~ according. lo t he ~izt' of the crOKR·~(·C:IIC)n. 

eliminating the node crampang problE'm that could bl' enColHlt('red othprwille. ~()W 
, 

that the triangular meshes inside the contours havf> been grnerated. they will bp 

used to form tetrahedral elements in two c:t>nsecutive -steps. First. ('orre~J,()nding 
• . . 

nodes on each layer will be jOlned to fmm à rnesh of prasms 'l.nd the prisms 1Ihrt'dd"d 

into tetrahedra. The core that forms a large part of the bull( of the objec~. i. thu.'l 
-

cheaply meshe,9, and a more eXJ>f!nsive topologiral met1lo(j will then b~ IJlJf!d on tht'! 
\ 0 
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Figure 3.5 

Completing the mesh. 
The boundary of th~ internaI rnesh is joined 
to the boundary of the contour. 
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CHAPTER 4 

The 3-D mesh core 

4.1 Introduction 

Pure topological shredding techniq4es are very slow, and not worth using on 

a whol~ slice of the object. Instead, shredding by interpolatio~ or using a look-up 
• 

table will be used,aS ~uch as possIble Corresponding nodes on different level; will 

be joined in this step' to form prism elements. Due to the use of the gnd in the 

tnangulation, these nodes can be joined directly by straight line segments with0ut 
" 

the need for interpolation functions. The resulting pentahedral mesh will be refined 

into a tetrahedral one by using a look-up table Co div ide each pnsm into thre~ 
o 

tetrahedra. 

4.2 Building Pnsms . 

Each grid no de in the grid plane has been permanently as~igned a pair of 

integer grid coordinate~ (I -J coordinates). These coordinates remain with the node . 
and are stored in the n'ode array of the two-dimensional triangulation of that partic-

ular contour. ~odes on ~wo consecutive sections 'having the same grid coord~nates 

correspond to the same position on the gri.d plane. They consequently lie .exactly , . 

'above' each other in the slice and can be joined by a vertical line segment.' If three 

such pairs of corresponding nodes, belonging to a pair of corresponding triangles, 
. -

are joined, they form a pentahedral prism. If aH such corresponding triangles are 
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joined, a mesh of pentahedral elements can be constructed. Going through the:1tst 

of triangul~r elements ror the top and bot tom two-di~ensional co~tour triangu-
o 

lations, points forming pairs of corresponding nodes are ftagged. Triangles whose 

three nodes are each part of a corresponding pair are then joined td forrn elernents 

in ttIe core mesh of pentahedral prisI11S' • , . 

4.3 Shredding a Prism 
. . , 
T~e set of prisrns obtaine~ constitutes the core of the final three-dimenlonal 

fintte-elernent mesh.. Accordtng to mesh' rules, it is a topologlcally correct mesh and 

could be used in finite-element computations If prism elements are to be lIsed. Thil) 

not being the case however, it is cIear then that this mesh would have to be rt>t1ned 

to a. tetrahedral ohe by shredding the pnSrm5 into'tetrahedra. 

This shredding has to be done while conserving the integnty of the mesh. It 

can easily be shown that, when no extra nodes are to be generated, a prism can 

be divided into three tetrahedra accord~ng to two different configurations. 1'0 show 

this, we first need to define the 'pllnar graph equlvalent of a polyhedron .. \ planar 

. graph is_ a set of co-planar nodes connected by a set of arcs in t he plane. ,such that 

no two arcs intersect. Any three-dimenslonal polyhedron can be reprt"sentcd by a 
~--

planar graph 'Preiss 1981:. Planar graphs representing a prisrn and a tetrahedron 

are shown in Figure 4.1. Shredding a prisrn ioto tetrahedra can be recluced lo 

finding an appropriate triangulation of its three quadrilateral ')Ides (Figure &.2). 

Three distinct triangulations TI, Tz and Ta are pos~;able, but it is ea.osily .,een rhat 

shreddings are pos~ible only along TI and T z. We shall denote the triangl11~ted 

sides OE Tl and T2 by 

TI = (A B C) 
o 

. .. . Tz = (D E f) 

t 
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Figure 4.1 

,. 'Planar graphs. 
Planar graphs of a prism. and a tetrahedron. 
The planar graphs are topologically equiva
lent to their corresponding polyhe~ra. 

, 

T3 

.. 
Ta 

Figure 4.2 o 

Possible triangulations of a prism. 
The three possible triangulation configura-
tions for a p!anar g~-aph of a pe~tahedral 
~rism. 
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as shown in Figure 4.2. The corresponding shreddings are shown in Figure 4.3. 

4.4 Shredding a Mesh of Prisms 

• 
To have a sound mesh shredding, the tetrahe'dra ëreated by shredding the 

prisms must meet the two mesh requirements specified in 1.2. Most irnr>ortantly 

h~re, they can only intersect along a full face, a full edge or a vertex. To achieve 

this, each side of a trial!gulated prism has to be matched to the adjoining side on a 
. . . 

,neighbouring prism. ldeally, ~ne would like to choose one shredding confi~uration . . . 
Tl say, and converC'all the prisms in the mesh accordingly. This, however, Îs not . 
possible, as will be shown below. , 

Theorem 4.1 A mesh of pentahedral elements cannot be shredded into a 0 

mesh of tetrahedral elements using a single shredding configuration. 

Pro"of To prove this theorem, we sh.1I m.ke use of. PI.n~ gr.ph represen

tation of four prisms in the mesh. Figure 4.4 shows a central prism P'1 surrounded 
- ~ 

by three others (Pl, Pz, and P3). one at each of its three sides. 

A~suming that Po is shredded according, to Tl (Figure -t.5.a). the adjoining 

. sides on the three other prisms have-to be matched symmet~ically (Figu re 4.5. b). 
, 

By identifying each.of tbese')lrism shreddings with Tl (Figuré4.5.c), we can start 
. 

assembling a rule: . ... 
( 

Face A on PI) interfaces with face C on P3 , leading tb 
~ t 

-.J 

1. Every face A matches a face C . 

• Face C onPo interfaces with Face A on Pz, leading to 
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Figure 4.3 

_ Possible shreddings of1a prism. 
The only two physi. possible shreddings 
of a pnsm. Ali oth"\"hreddings are, topo
logicaJ1y equlvalènt. 

Figure 4.4 

The mesh of four pris ms. 
T.here are four pentahedral prisms in this 
mesh, represented by their planar graphs . 
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2. E~ery face C matches a face A. 

A consistent shreddingowould then require every face B td interface with a 

similar face B on another prism. This is however impossible here, since Face B 
j 

on Po interfaces with Face ~ on Pb violating the previous statemen.ts. Any other 

starting comhination and mp.tching comhination can easily he shown to lead to a. 
. 

similar conflict, proving that no single 'shredding configuration is sufficient to shred . _ 0 

the whole mesh. 

Theorem 4.2 Two 9hredding configurations are' necessary and sufficlent 

ta shred a regular pentahedral mesh int~ a tetrahedral one. 

By regular pentahedral mesh it is meant a mesh whase triangular faces are 

equilî~eral and thus form ~ regular latt ice of triangles at each. cross-section level. 

Bt extens'ion, this definition also applies to deformed regular meshes. thus including 

meshes where. nodes that are not on any boundary curves have a connectivity of six 

" on their cross-section level. I.e. each such no de 1s connected to exactly six others 

on its level (Figure 4.6). 
~ 

, 
P.roof This theorem' will be proven in two parts. Again, the p1anar graph 

representation of ,four prisms in a mesh will be used. ' 

o • 
First, ..assume that the central prism PI) is shreddea according to Tl' Similarly . . -. 

to the previôus proof. each adjoining sid~ is matched symmetrically. This time, by 

matching eaeh prism shreddihg with T2 , a rule can be induced (F~ure -t.i) 

1.' Évery race A ';atches ~ race E.\. 

2. Every face B matches a face-l 
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Figure 4.5 

Possible shreddings of the mesh. 

a) .shreddmg the central pnsm. 
b) Matching the nelgKbollflng sides 
c) Completing the mesh 0 \ 
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3. Everv face C matches ~ face- 0 ... 

" 

This shows that any TI configuration éàn also ~e surrounded by T2 co'nfigu-

rations, and, most importantly, ail the T'!, configurations have the same orientation. 

Second, flSsummg that P'I IS shredded usmg T'2 and applying the same procedurt" 

another rule can be mduced' (Figure -t.8) 

/1. Every face 0 ~atche~ a face C 

, 
2 Every face E matche~ a face :\ 

3 Every face F matches a fart> B 

shoWIng that a T 2 config\lratlo~ (an dlso be ,>urroundt'd 1)\, TI (onfigllrdt ionS" 

havmg the same onentat-Ion ~Int(' tht' Iwo rlll€~ arp ('on~I"lt'111 Wlt h l',\( h 01 tlt'r. 

It can be concluded that the wholt> mp~h /an be ~hreddt'd bv "llrrolll1dlll~ t'd{ h TI 

configuration ~ith three T~ c~nfigural lon~. dnd VIC(,-V(,~d. 111 11lt' { h.'( kl'r!'d pat

tern shown In Figure 49 This provf''' flw 'i\ltfiClent part of 1 fIt' t ht'(HI'IlI. ,tnd Ilw 
'\ 

necessary part follows from 1 hf' pn'vwu::. 1 heprf'm 
o 

t 5 The Look-up Table 

_Havmg determIned that two configuration::.. lJ~ed III a checken'd patl('rrl. wIll 

shred a regular me.,h of prtsrn~. the nwsh c;u~ow f)f> ..,hredded <lCcordingly Tlw two 

configurations ar~ coded' Into a IO'f)k-l~p tahle wkh. for ('ach ont', outpllr~ 'lIC:!,,1 of . .... 
12 triangles, four for each of the thrpp tt>'trah('(üa m th~ .,jqrf'ddmg. (~v ... n a pri.,rn. _ 0 

~ . 
defined by its 6 nodes as ..,hown an FiglHfl ·t 10. two dlfferf'nt. st'ts of , ... triltwdl"a ciltl 

be produced: 

{ (1 2 :J j). (1 :3 ·t '»): (:1·' :,. fi) } 

0' . . . 
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Figure 4.6 , 
-\ regular pentahedra~ mesh. 

-~An example of a regular pentah~al mesh Ali the el-
ement ln the mesh are pentahedra. a.Qd each internai 
oGde IS connected to SIX other nodes on the same plane 

.. 

Figure 4.7 

Posslble.shredding using two configurations. 
This is one of the" possible shreddings of the example. 
mesh of four prisms, using the two different configura-
tions. 
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Figure 4.8 

Reversing the configurat.lOlls 
Shreddlng of the same rnesh b) r('\<er~illg tll(' Iwo :"hrl'd-
ding configuratlon~ 

FigurE' 4.9 ... 
,_1 The checkerE'd pattf'rn. ' 

The check6red pattf>rn llsed to rrl('sh d regulër 1H'lltalu· • 
. dral mesh. ThE' two shrE'. dding ("Onfig\Jralion~ an' noh·d 
by A and B. resppct Ively. 
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and 

{(l 236), (1 256), (1 45 6)}. 

o 

The !lPpropriate set to use for each prism is determined from its position in 

the checkered pattern of the pentahedral mesh. 

4.5 Conclusion 

It has been shown that a regular pentahedral mesh can be shredded into a 
Cr 

sound tetrahedral mesh. This can actually be done by ass~mbling a look-up table , 
of the two different cohfigurations, and automatlcally. g.enerating the appropnate 

shredding for each prism depending on Its position. 
.> 0 

It is important to note here that only a regular pentahedral mesh can be . 
shredded using t'>Y0 configurations Other kinds of pentahedràl meshes requlre more 

t 

than two sm;J.Ultaneous configurations, and certamly more than the one erroneously 

assumed by ·Yamashita & Takahashi 19841, whose method produces inconsistent 

meshes. 

, 
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Figure 4.10 

Pnsm node nambenng. 
The pris'-.l node numbenng employed in the look-

o 
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.. CHAPTER 5 

Assembling The Ring 

5.1 Introduction 

By removing the core mesh from the slice, a hollow, torus-like structure IS 

usually le ft (Figure .5 ~. FJy convention, we shaH refer to this structure as the 

'ring', although other shapes might also occur. For example, if no triangles have 

been matched on the tw.o surfaces defining a slice, no prisms will be shredded and 

the 'ring' will consist of the whole slice (Figure 5.2) . .. 
For the finite-element mesh to be complete, this struct~re has to be meshed' 

too. Furthermore", at its inner side. where it is corinected to the core- mesh, both 

meshes have to interface exactly at every node, edge and face. Before any further 

work can be done however. a topological and geomet~rical characterization of the' 

structure is needed. The information available has to be preprocessed and entered 

into a coherent data structure that will be acted on by the shredder. 

. 
5.2 The Data structl!re 7 

, t~ 

The data structure used here defines three data entities in the form of thfee 

lists. 

1. The VERTEX list contaif\s the X, Y, and Z coordinates of each vertex. along . 
with its connectivity (number-of edges meeting at a vertex) and pointers into 

• 

Q 



e. 
, 

Figure 5.1 

The remaining torus, after the cort> mesh has heen removt>d 

(, 

Figure 5.2 

When no core m~h can hE' removed, the 'ring' fonsÎsts of thE' whol(' sljet' 
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• 
the EDGE Iist to those edges meeting at the vertex. 

" 
2. Each entry in the EDGE list c~nsists of a pair of pointers pointing into the 

.VERTEX Iist to the two vertices that bound that edge .. 

3. The FACE list stores faces as triplets pointing into the VERTEX list to the 

three nodes of each face. 

In addition, a few functions are used by the program to perform data retrieval 
. ~ ... () 

operatIOns on the data structur. he functlon E_F,4CES returns two pointers to 
J " 

th~ two faces in the FACE list that have th given edge ircommon. The functlon 

\/ ..BD CE finds an edge in the EDGE list, gl en its two eI\,dpomts. 1. e functlOn 

\l1'ACE finds a face in the FACE list. given its three vertices. Ot er, functions, 

V JJEL, E_.A.DD. KDEL, F_A.DD, and F_DEL p~rform insertions/de etions ~f.~
~ 

tices, edges and faces in the structure. while maintaining the overall 
, 

and updating ail the appropnate parameters. 

50.3 Creating the Ring 

Having d~fined ~he data strutture, the. four parts of the ring, namely the top, 

bot tom, internaI and external surfaces, are individually generated and merged into 
, 1 

the structure. First the inner side, which is the interface\of the ring with the-rnre:--_ __..... , 

mesh (Figure 5.3), is generated in the following manner. 

The surface of the whole slice consists of the top, bot tom and external sur-

faces, and is deno~ed by 

.. 

(Refer to the Appendix for the notation used). Similarly, the core mesh sürface 

.... 37 
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Figure 5.3 

- The inner surface of the ring. 

Figure &.4 

The top and bottom surfaces of the ring. 
) 
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consists of 

The ring, on the other hand, irÏcludes an extra surface portion at its interface with 

_the core, namely the internaI surface, so that 

Since the slice is composed of the UnIon of the ring and the core, the equations 

= T 2 _ D2 _ E 2 + T 2 + B 2 + E2 + [2 
c u~ c r r r r 

, 
.must hold. We know, from the way those surfaces were genef<3:ted, that the union 

of the core top and the ring top make the slice top surface, the union' of the core 
-

bottom and the rmg bot tom make the slice bot tom surface and the external rmg 

slde surface is tire same as the slice external side. This is translated into 

T 2 = T 2 _ T 2 
a C T 

<> 

o 

resulting in . ", 

meaning that t; has the same faces as E;, but wiith the opposite orÎentation. To 

compute- this, the triangular faces of the tetra~edrà forming the core mesh are 

sorted and ail triangles occurring twice are removed, leaving the surface triangles. 

Of these, the external side triangles of the core are th~ ones that do not lie in the 

horizontal top or bottom planes. Reversing the node numbering of tQese triangles 

will yield the triangles ~on the internaI sicle of the ring . 

., 39 . 
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Figure 5.6 ' 

The completed surface of the ring. 
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The top surface is then g~nerated from the two-dimensional triangulation of 

the top contour by k~eping the triangles that were nqt used in the prism ass~Ïnbly .. 
of the core mesh. This involves scanning- t~ough the triangle list of the two-dimen-

sional top contou.r triangulation and copying the unftagged triangles, i.e. triangles . 
that were not part of a pair of corresponding triangles (section 4.2). ~he counter-

clockwise nUII1bering of the triangle nodes is kept, so thatr the normal.vectors point 

upwards, out of the ring. 

M • 

The bottom surface is simtlarly generated from the bottom contour two-di-
. '" 

mensiohal triangulation, except that the node nUIf1bering of the triangles is flipped 

to make the normals point dow~a'nd outwards, keeping with the consistent orien-

tation of ~e structure {Figure .5.4). , 

Finally, the external side surface of t.he ring\ (Figure 5.5) is generated by 

tria~gulating between boundary nodes on the top and bottom contour nodes. The 

method is the same one used for joining the inner and outer boundaries in the 

two-dimensional mesh (sectio~ 3.4) and consists 'of joîning neighbouring nodes to 
Il 

optimize an are a or a volume èost" function [Fuchs et al. 1977, Funnell 19841. 

5.4 TopologicaI Cpecks 

Q 

After the ring has been generated, a top?logical consistency check is per

formed on its structure. Since the ring is a three-dimensional manifold, its surface 

should have no boundary curves, i.e. R2 = O. This is easily cheoked by counting 

the number of tîmes each edge occurs ln the lis't of triangles, and its orientation 

• 
each time. For a. consistent topology, each edge should only occur twice (once in 

two different triangles) in the whole structure, and in opposite directions. reducing 

the sum R2 = L ±~ to 7.ero. As shown in section A.5, th~s check'1 a~o mâkes sure' f " 
. , 
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that the orientation of an the faces is the same. This orientation-is ,the correct one. 

if the Vectors normal to the faces point ou~ards. It can be verified, for example. if 
" 

the normal vector to ene of the faq,s on the bot tom side points--downwards in the 

negative Z direction. The Euler number of the structure lS then calculated, and 

used to keep track of the structure as it is being meshed. 

5.5 Con<;lusion 

'-

So far, the center of the slice has been processed to produce a core 'mesh 

of tetrahedra and the remaining portion aSsembled into a consistent data structure 
-

usi~g results fr~m previous steps. This 'ring' was formed in four parts. The top. and 

bottom parts were obtained from the two-dimensional triangulation of the éontours, 

the internai side computed from the tetrahedral core mesh and the external side 

by triangulating between the nodes on the the two consecutive contours defining 

the slice. The data structure, consisting of a Vertex list, an Edge list, a Face list 

and a vertex connectivity array lS now ready to be operated on by the topoJogi~al 

shredder using the Euler operators to be introduced in the next. chapter. 
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6 l IntroductIOn 

CHAPTER 6 

Meshing The Ring 

" 

In thls chapter the basic shredding operations will be developed. They con-

51st of a Set of operators that are apf,)lied to a polyhedron in a certain sequence. 

reducmg It to a final tetrahedron and compIlmg a tetr.hedral mesh along the way 

These operators make use of the Euler charactenstlc"'equation for polyhedra and 

Its ddferentlal form. an~a are therefore called Eulefli:j.:1 operators. It wIll be shown 

~hat the prevlously publlsh~d methods are madequate. 'or a large set of polyhe-

dra and aàdltlonal operators will be presented. Examples of completely Irreducible 

polyhedra will also be glven. and the constramts they unpose will be discussed. 

6.2 The Eulenan Operators 

y[eshmg a polyhedron P can be thought of as a sequence of operations to 

remove tetrahedra from the initial structure in order to reduce it to an etnpty set. 
\ 

\ 
Denol\ng the set of ope rat Ions by 

" 

O={O%, t=1,2,3 .... V} 

where aIlS the tth operator and' .V the total number of operatlOns, then the oper-

ation is 

O(P") = r 
1 

et • 
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where 
/ 

T = {Tt; 1 = 1,2,3 ... N} 

" \ IS the set of generated tetrahedra. Q The side effect of this reduction scheme is the 
) . 

o 

compilation of tt(e set of tetrahedra Tt that have been removed from the structure. 
I!> • 

The union of these tetrahedra constitutes a tetrahedral mesh spanning aIl of P. 

The progress of the meshing procedure is shown below, whE6re pc,is the polyhedron 
o , 

~ v 

representatlon of the rmg, SilS the mitlal data structure and SI the data struct ure . 
after (1 - 1) operat Ions 

. 
0t(5d --: TI ~ S~ 

) 

° -d S,v - d ---+ Tv - 1 ~ S V 

--+ Tv -+- 0 

The operations out by a set of operators that work on the topology of 

the structure. By cutting out a tetrahedron, operators might change the number 

of vertices, ~dges or faces of the structu~e. Since the initial polyhedron satisfies 

Euler's equation 

v - E ~ F = 2 - 2G 

, any chatlges brought on by the operators have to satisfy the differential form of that 

o 
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o 

c 

o 
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formula, namely 
Q 

or 

6.G = - t(.~V - b.E + 6.F) 

In the next sections a thorough .description of these Eulerian operators will be given. 

6.3 The Vertex Operator (\/ _OP) 
\) 

An accepted method for the trianglllation of two-dimensional polygons is the 

corner-cutting technIque. It consists of locating a conler at a convex vertex of the 

p~lygon. 'ànd cuttIng off th1r~angle formed there .. (Figure 6.1). By analogy, the 

Vertex operator Woo & Tnomasma 1984. Wordenweber 1984' acts on a trivalent 

(belongIng to only three edges), convex (the summit of a convex three-dimensÎon-

al corner) vertex V t The tetrahe'dron havmg for 'vertices V t and the three other 
(). -

·attached vertlces IS remov"ed from the structure in one cut (Figure 62) In the 

process. (;me vertex. three edges and three faces are deleted, and one face added 

From the equatlOn below we can see that the genus of the object IS le ft unchanged.· 

ùG = - t ( -1 - (-3) 1- "(1 - 3)) = 0' 

This cut cannot be performed without sorne preliminary intersection checks to en-
c ' 

sure the geometnc consistency of the cutting procedure. 
". 

,{} . 
1. The four vertices cannot lie in the/soame plane. Violations 01 this rule :roduce 

degenerate, or flat, tetrahedral, element that are useless in finite-elements 
-i> 

computations. In addition, producing: flat· tetrahedra wit this operator can" 
, 

place the algorithm in an infinI~ loop, by phing ~at tet ahedra onto eaclf 

othe~ without changing the volume of t~e object .. 
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Figur(l 6.1 

2- 1) corner-c uU mg 

al The polygon to f,Ë' t nanF;1I lat ('(1. 
h) Lotat.mg a corner and cutting il off 
c) The cornpletf'd me~h 
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Figure 6.2 

- The vertex operator. 
The vertex operator locates a tTlvalent con-
vex vertex and removes the tetrahedron ât
tached to ft In one cut 

Figure 6.3 

The edge operator. 
Th~ edge operator locates a convex edge and 
removes the tetrahedron attached to it in 

two cuts. 
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2. The tetrahedron to be removed nas to be empty, i.e. no veriices or edges 
, 

belonging.to the remaining structure can fall inside its volume. This rule 

ensures that the remaining structure is not self-intersecting. 

3. The newly created face cannot intersect anr edge or face of the r<>matnlllg 

structure_. 

6.4 The Edge Operator (KOP) 

The corner-cutting tec.lulique alone. implemented by the Vf'rtl'x Opt'ralor. 

does not always succeed in èompletely meshmg a three-dinwnsiondl poh,lwdron 

An alternate operator IS needed when it fdils to find an appropriait' VNtt''( TIlt' 

Edge operator Woo & Thom~ma 1984, W6rdenwebt>r 1 g8 t dets on ,l (011\(',\ t'd~t·. 
o 

The two faces with the common edge hdve four vertlces dltogetfwr III Iwo ('Ilt~. 

the operator cuts off from the structure the tetrahedron formed by tlw fOllr VNt jn'.., 

(Figure 6.3). In the process. one edge and two face~ are delt'ted. dnd ()rU' t'd~t' .tnd 

,two 'faces added. Agam. we see that the genus of the obJect 15 unchdnged 

~G-=-~(O-(1-L)+(2-2)) -0 

Hée too, sorne prelirninary mtersection checks hav~. to be rarried ouI I)t'fon' Jh{> 

operation is allôwed. 

1. Conditions 1. 2 and :~ f rom the previolJs .,ecl Ion (non-pland.f wrt jct>s. "m')1 v 
) , . 

\ 0 

tetrahedron and face intersecti9ns) o;ttll apply. 

1 2. [n addition. the newly creatE'd edge cannot intf'rsect dny eXI5ting fan' 

6.5 The 7opological Cut Operator (C OP) 

o 

The two previous pperators do rtot changf' the genus of a.n object. ThIs 
• 

18 'c 
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should not pose any problems if the object being shredded is simply connected 

(G = 0), beca~se ~uccessive applicatio~f the operators could, without viola~in~ 
the differential fOlm of Euler's equation, resolve it down to the final tetrahedron TN. 

However, for m.ultiply conne~ted domains, like a torus for example, this cJ.ifferen~ial 

equation implies that a structure with a positive genus cannot be reduced to a 
, 

tetrahedron using the Vertex and Edge operators. A new operator has to be used 

to perform the topological cuts needed to transform multiply cQnnected domains 

into simply connected ones by reduè'ing their genus. This operator IS used whenever 

v_op and E.OP are unable to cut a tetrahedron off the structure. When this point 

is reached, at least one trIangular cross.-section through the domain ~ists [Woo & 

Thomasma 1984 The eut operator locates such a cross section and makes a cut 

by creatmg two faces at the cross-sectIOn site. In the process, three vertices, which 
.J 

are duplicates 0t the three vertlces at the cross-sectIOn, three edges, duplicél:tes of 

the three edges at the cross-sectIOn, and two faces are added to the data structure 

(Figure 6.4) From the equation 

, ~G = -t(3-3~) =-1 

it is seen that the genus is effectively decreased \y one. V_OP and E_OP can then 

. \ 
resume the shredding. 

o 

6.6 Irreducible and Seemingly lrreducible Polyhedra 

\ 

A ~et of Eulerian operators similar to the dne presented above was claimed 
1 

to be complete by [Woo & Thomasma 1984) an~ t proof of the co,r!fctness of the 

topological shredding of polyhedra using these o~rators was given. This proof is \ 
o 

however flawed in that it assumes that any polyhedron can be constructed from 

so/id tetrahedra, which is not the case. The most simple counterexample to this 
Q -assumption is the triangulate.d prism shown in Figure 6.5. This polyhedron cannot 

/ 



o 

..... ... 

o 

be shredded into solid tetrahedra, and consequently cannot be constructed from 

solid tetrahedra. VVe shaH come back to this example late'F. In a more general way. 

there are lhree classes of 'polYhedra that DI~k the progr.s~ of '·.OP and E OP. 

6.6.1 Polyhedra of the First Class 

.. 
Polyhedra of the first c1ass. such as the one shown in Figure 6,6.a .• m' nol 

, 
as, major stumbHng block. They can ll~ually be processed by dlvuimg llwlll Into 

two separate polyhedra using C_OP (Figure 6.6.b),- re~(Onrwctlvlty of 

three of the vertices. Since a cut through a slmply connected domalll filVldt'" It 

into two separate sub-domains. it is important to ~eep track of t IH' 1I111ll1H'r of 

separate polyhedra being generated by C OP. as tills will dlf"el tlll' ":III"r nUllIh"r 

of the global structure, To see thl8. assume 'i separate polylH'dr.l hdV" .lIn'ad\ b('('11 

generated The Euler formula for one of them IS 

1 

and the total number 18 

v - E - F -= "\-- V, - \--- fJ'1 ... \ .... FI 
I-J I-J L-

-- L(VI - Et . FI) - 'l.V 

As a solution, a pomter to a verte.x m each 'ieparalt' polylH'dron is kepl eUlIl IIpd"ll'd 

• to another vert~x if that vertex" deleted. tlnlil t.he whol. IJolyh.dron h .. ~ 
shredJed. This procedure can be rppealf'd t1ntil Oflf' of thrf'(' c'ondltl()n~ IwC'olll"i'\ 

true: 1) V_OP or E_OP can be applit>d. 1) ail the polyhl>dra havI' l'''f'n rf·clIIC.·(! 10 

separate tetrahedra o,~ 3) aH the polyhedra hav(' bf>f'n n·duc"d lo polyh .. cira of Ih ... 

second c1ass. 

6 6.2 Polyhedra of the "iecond ClaslJ 

.' 
this second class of polyhedra.#il s~mple example of which us th .. prism rn .. n: 

.;0 
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Figure 6.4 
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The Topologlcal eut 
The topologlcal cut operator performs a cut through a " 
tnangular cross-section. reducmg.the genus of the ob-

Ject ~ 
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Figure 6.5 

An Irreducible triangulated prism. 
This is one of the possib triangulations of the faces of 
a prism. The resulting olyhedron cannot be divlded 
Înto solid tetrahedra 
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tioned previously (Figure 6.5), is more of a problem. Polyhedra in this class can 

u~pally be transformed by fiipping one of their diagonals. A diagonal is defined 8.'$ 

an edge common to two triangles, forming the diagonal of a planar quadrilater:al. 

Two approaches are used to do this, depending. on the position of the diagonal. 

During the sequence of operations 0" suçh a polyhedron cF eith~r accur at the 

edge of the ring or completely inside. Consider the first case where the polyhedron ' 

i_s at the edge of the ~lice. Flipping ~ diagonal effeetively alters the external sur

face triangulation of the slice. This, however, IS acceptable, sinee the tnangulation, 

which was optimlzed with respect to a cost fun\tion, is thus transformed into a 

sub-optimal, but still valid, tfla:gUlation~, 

If, on the other hand, the polyhedron lies completely inslde the ~1I<:e, dnoiher 
'1 

approach is taken. The fact that the polyhedron IS lnslde the slict' !Tu'ans that it 

interfaces with other tetrahedra of the mesh ,at ail its vertlces, edges and faces. 
1 

Flipping a diagonal would violate the mesh rules by creating unwanted intersections 
.' 

-
between neighbouring elements at the site of the flipped diagonal. This is remedied 

by creating an Interface Tetrahedron as ~n mte~face between the polyhed(on Irl 

" question and the rest of the meshed structure (Figure 6.j) The fart that this 

interface tetrahedron is fiat, however, will be taken care of in t.he next section by , 

relaxing the nodes to improve the quality of the mesh, 'unfIattening' flat tetrahedra 

along the way. The operator that generates the interface tetrahedron is very ~imi!ar 

to E_OP in Its actions. ft acts on an e.dge whose two connected faces are c.oplanar 

by forming a fiat tetràhedron out of the fou~ connected vertices, but is ~ed only 

when al! other operators have failed,. indicating the presence of one or' more Class 2 

polyhecira. The same alterations are produced, namely one edge and two faces are 

deleted, and one edge and two faces are added. ~one of the intenection cheds are 

performed, 'being irrelevant in thls case. The effect of this operator is ~n fact to ftip 
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Figure 6.6 
a) A pol) hedron of the first class 
b) A topologlcdl eut IS performed on It dlvldlng 
two separa te polyhedra 
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By using the fiat Intérface Tetrahedron, the irreducible 
olyhedron on the left is converted to a reducible one, 

th n shredded. 1 

• 
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a diagonal on S" making it more susceptible to shredding, while keeping the mesh 

consistency intact. \ 
6.6.3 Polyhedra of the Third Class (Monsters) 

Finally, the third class represents truly irreducible polyhedta. These polyhe

dra cannot at aIl he divided into tetrahedra without creating additional nodes. The 
1 

• 0 

existence of irreducihle polyhedra was first shown by :Lennes 19111 and ,Schonhardt 
J 

~:a·"~ 

19281 proved that aIl p~lyhedra having five or less vertices are decomposable, i.e. 
c 

that ~irreducible polyhedron must have at least six vertlces. The polyhedron 

shown in Figure 6.8 is due to Bagemlhl 19481, and the one in Figure 6.9 w~ round 

during the course of this research. 

If, while meshmg a slice, such a polyhedron is encountered. the mc:,h gener-

ation procedure fails. Nonetheless, this conclusion fs not a..'i final as it -;ollnds. lt 

has heen round 'that ch,anging the startmg point of the meshing will orten resllit in 

a successful meshing. This has been implemented by storing the Vertex. Edge and 

Face lists in circu!ar forward- and backward-chalnmg rings. If a elg.ss :1 shapt> is ~ 

encountered during the meshing, the procedure is aborted, the original 'iliâ data· 
'," 1 

structure restored and the pointer to the beginning of the E~ge list IS advanced by 

one positiono 0 The proced.ure is then rest.rted on Othe new dj' structure: ~ 

6.7 Conclusion 

, 
In this chapter', the top,ological shredding procedure was characterized.as a 

set of operations on a data structure, and ttle three main operators, the vertèx; 

edge and cut operators, were presented. the first two of which are modifications of 
~ ~ . 

previousiy pubhshed ones. It was then shown that these operators do not form:a. • 
complete set, in the sense that they are not sufficient to reduce any polyhedron to a 
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Figure 6.8 

An irreducible polyhedron. 
This polyhedron, due to Schônhardt. cannot be divlded mto tetrahedra. 

Figure 6.9 

Another irreducible polyhedron. 
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, 
set of tet~,ah~dra. Three.c1asses (}eemingly irreducible polyhedra wertMntroduced:-" 

A way to convert two of these classes into reducible polyhedra was shown. The case 

of the third and c~mpletely irreducible c1ass was solved by restoring the whole data 

structure for the slice and restarting the mesh generation procedure at a different 
, 

point in the structure. 
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CHAPTER 1 

The Quality of the Mesh 

7.1 IntroductIOn 

Tetrahedra produced by the mesh generation can have a vanety of shapes, 

mcludmg long and narrow tetrahedra. and the flat interface tetrahedra. ~arrow 
d 

tetrahedra can be acceptable, but tend to be avoided \fi the finlte-element method 

because they can reduce the accuracy of the solutions Barnhill & Whlteman 1973, 

Ciarlet 1973, Hermeltne 1982. Strang & FIx 19731 Flat tetrahedra, on the other 
" 

hand, are absolutely unacceptablê 'It IS Important then to be able to d((tect badly 
, 

shaped tetrahedra and correct them to Improve the quality of the fimte-element 

mesh. In thls chapter, a way to charactenze the ove rail quality of a mesh, and a 

method used to Improve the shapes of ltS elements. will be descnbed. 

72 The Qualtty of an Element 

A mesh gent;ration scheme can produce a mesh. that is topologically correct, 

but of litt le value for fimte-elernent computations beca~s sorne of its elements 
Î '. 

are badly shaped. [n an Ideal mesh, on the other han ail the elements would 

be equilateral, since the best computation results are obtain'ed with equilateral 

elements [Hermeline 19821. It IS therefore preferable that the tetrahedra in a mesh 

be as equilateral as 'possible. This state is usually very hard to achieve in real 

situations, unless the object itself IS highly regular and lends itself to such a mesh. 
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In general, the usefulness of a mesh 1S a function of the quality of its individual 

elements, and particularly that of its worst elements. For this reason, the quality 

of a mesh has to be assessed, ,through a computed criterion, before the mesh can 

A 

be used. 
~" 

The qUa;ity ~ mdividuaJ element can be !'leasured by computing what IS 

called the aspect ratio of the element. The aspec~tio, a number defined to be~O.O 

fÇ>r a degenerate element (e g. a fiat tetrahedron) and l.0 for an equilateral element. 

can be computed in a number of different ways [n two-dimenslOnal triangular 

meshes, a wldely used measure of the quality of a tnangular element is the value 

of ItS smallest angle" smceNthe bound on the '€rror IS Inversely proportlonal to the . ') 

sine of the smallest angle ln the mesh [Strang & Fix 1973. 8ramble & Zlâmal t97l. 

Zi<imal 19731. To obtam a measure of an element's aspect ratio. the value of the 

smallest angle in that triangle IS normallzed by dividmg It by 60<: . slnce 60° is the 

value of an angle In an equilateral triangle. [r: three dimenSIOns. a slmdar measure. 

proportional to the narrowest so~d angle ln a tetrahedron, IS used here :"Jguyen-

Van-~hai 1982, Van Oosterom & Strackee t983 . 

Consider the unit sphere centered at one of the nodes of a tetrahedron. line;L 
, J 

along the thre~ edges emanatmg fror'n that no de intersect the sphere In three points. 

The three 'great clrcles passing through those three P~Ints define a spherical triangle 
\ 

on the surface of the sphere, with Internai angles A, B, and C. In spherical geometry 

Greenberg 19741, it is known that 

and the' dlfference 

J D=A+B+C-1T' 

".br IS called the spherical excess of the triangle.)~e 
"~ 
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curvature of the triangle, so that a w'ide solid angle at the center of the sphere de fines 
, 

a triangle with _a large spherical exce~.s. Vice-versa, a narrow angle de fines a flatter 

triangle with a smaller sph~rical excess. Cornputing the excess for the triangles 

defined by ail four nàdes qf a tetrahedron and taking -the sn\tllest value gives a 

good rneasure of the quality of the tetrahedron, since it measures the narrowest 

solid angle in the tetrahedron. Normalizmg this VRlue to the ideal spherical excess, 
o """;Wj 

definep by a no de of an eq uilateral tetrahedron (De == O.55128rad), will yield a 

rneasure of the aspect ratio of the tetrahedron ln question, glving a number between 

zero and one. wlth an equIlateral tetrahedron havmg an aspect ratio of one and a 
o 

flat tetrahedron an aspect ratio of zero. As an example, Figure 7.1 shows ~ plot 

• 
of the aspect ratio vanatlon as a function of the helght of anode m a tetrahedron 

In thls example the node IS started at the center of gravit y of the base equilateral 

tnangle. makmg a flat tetrahedron, and ralsed vertically by srnall incrernents .. -\s , 
seen on the plot. the aspect ratio functlOn starts at zero for the flat tetrahedron. 

tattains its rnaJ(lffiUffi of one at the point where the tetrahedron is equiiateral and 
(J 

decays back to zero as the tetrahedron gets narrower Figure 7.2 shows different 

tetrahedra and their corresp~nding aspect ratios 

• 

7.3 The Quality of the .\lesh 

When taken one silep furt~er, the method just drcribed provides a w~y to 

look at the quality of the who le' tetrahedral rnesh. ORee the individual rneshes for 

aIl the slices are available, they are cornbined to form the global mesh. The data 

structure tS then 'cJeaned' by removing duplicate node entries oand rearranging the 

pointer 'arrays correspondingly. The resulting data structure conespo~ds to the 

desired rnesh that models the object, and consist.s of a list of tetrahedra pointing to 

a list of triangular faces that in turn point to a list of vertices. 
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The aspect ratIO vanatlon 

, a 

The aspect ratio variatIOn as a functlOn of the height of 
a tetrahedron node From the base equdateraJ 'f1angle 

') 

1 

Fligure 7.2 

SOIlle different aspect, fatio~. 
l Tetrahedra havmg aspect ratios of 02. 0.4 and 0.8. respertively. 
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An indication of the quality .of this mesh can then be implemented by comput-

ing the aspect ratio for each tetrahedron in the mesh and constructing a histQgram 
, 

of the distribution of aspect ratios in the whole mesh. Such a histogram is shown 

in ~igure 7.3. As a.n additional indication of mesh quality, the aspect ratio of the 

wokt element in the mesh is deteonined and the sum of the aspect ratios of aIl. the 

elements in the mesh is compu ted . .. 
Althollgh zero-volume elements are definitely unacceptable, there is no well-

defined cutoff threshold for an element to be unaceeptable, sinee the aecuracy of 

the solution -decreas~s gradually with the aspect ratios of the mesh elements. l 
is clear however that a mesh like the one whose aspect ratio histogram is shown 

in Figure 7.3 needs improving, sinee it contains four zero-volume elements and 

severill low-aspect-ratio elements In two-dimension'à.l meshes, improvmg a mesh 

can be achieved by relaxing its nodes to an equilibrium position where each node 

is positioned at the geometrie center of ail the nodes connected to it [Thacker et al. 

19801 The same relaxation method is followed here to improve the overall shape of 

the me-sh elements and achieve a better distribution. 

7.4 The Relaxation 

Every internaI node in the global mesh is .assumed to be acted upon by 

f&ces along the edges connecting it te:> ~ther nodes around it, in analogy to a set of 

springs of similar stiffness and negligible initial length. now under tension. These 

forces t~nd to displace the ~ode towards an equilibJium position at the center of 

the other nodes connected to it. This iS'equivalent to solving à set of' simultaneous 
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equations iThacker et al. 1980) for the new internaI node positions 

~ '\ 

1 
Nk 

Xk = Nic LXn.(k) 

( ,= 1 

" Nk 
1 

LYn.(k) Yk = 
Nk ,= 1 

1 
Nk 

Zk = -,- L Zn.(k) 
N k 

"t =;;.1 
0 

where n, (k) are the indices of the Nk pointt connected to the pomt k bemg displaced. 

The system is soived iteratively usmg the Gauss-Seidel method by displacmg each 

of the nodes until the displacemel1ts converge and ail the internai nodes are more or 

less at the center of their attached nodes. It is important to note here that. unlike 

[Thacker et al. 19801, the external nodes, i.e. the nodes Iying on the surface of the 

object, are fixed. In this way, they provide a rigid frame, holdmg thf shape of the 
. 

object and preventmg its collapse under the sprmg forces. ThIS might cause a few 

problems, as will be seen later. 

An example of two-dlmenslonal relaxation of a tnangular mesh is shown in 
o 

, ~ 

Figure 7.4. As seen on the figure, sorne elements have lost their equilateral'property 

but the overaJI quality of the mesh has improved. 
Il 

The relaxation procedure rhay sound straightforward, but has two inherent 

pitfalls .. First, every internaI node has, associated with it, a polyhedron which we 

will calI its enclosing polyhedron, This polyhedron is formed .by the set union of 

aIl the tetrahedra attached to the node. The boundary of the enclosing poly.hedron 
J 

for a given internaI no de is therefore delimited by the faces formed by aIl the nodes 

attached to the node in question. A two-dimensional-ana.logy, the enclosing polygon 

node, is shown in Figure 7.5. A polyhedron is said to be star_-shaped if there 

exists a point z such that for aH points p in the polyhedron, the line segIl)ent zp 
~ 
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Figure 7.3 

An aspect ratio histograrn. 
The aspect ratio of each elernent in the mesh is corn-
puted and the hlstogram of the aspect ratio distribution 
IS constructed 

Figure 7.4 . 
The 2-D node relaxation .. 

a) The mesh before the relaxation. Notice the bad shape 
of sorne 'of the triangles. 
b) J'he mesh after the relaxat.ion. Sorne triangles have 
J~ their equilateral.property, but the overall rnesh has 
improved. 
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.lies inside the polyhedron [Shamos 19781. The kernel of a star-shaped polyhedron is 

the set of aIl the points z. An enclosing polyhedron therefore must be star-shaped. 
( 

with the node it encloses lying in the kernel. ln certain cases where there is a large 

concavity in the en~losing polyhedron, the node being relaxed may be displaced 

to a point outside the kernel, cœating ill-formed tetrahedra and resulting in an 

inconsi~tent set of equations for the fini te element solution. Fur~rmore. if such4'a 
1') 

concavity occurs at the external surface of the object being modelled, the relaxed 

node might end, up outside the problem domain. ln relaxing anode, therefore, 

care is taken to displace it only up to the boundary of the kernel of the enclosing 

polyhedron. This can be illustrated in a two-dimenslOnal example. In Figure 7.6, 

moving the node to the center of its neighbouring nodes , whtle keeping it mside its 

enclosing polygon, puts it outside the kernel and produces degenerate elements. In 

Figure 7.7, on the other hand, displacmg the node puts it completely outside the 

polygon. 

Second, since external nodes are fixed, only internai nodes are displaced in 

the relaxation. Consequently, tetrahedra that have four nodes Iymg on the external 

shell stay fi.xed. If a badly shaped tetrahedron happens to have four fixed nodes, its 

shape cannot be improved by the relaxation. A solution ta this problem might tie 

-in screening the tetrahedra produced during the meshing by modifying the Vertex 

and Edge operators to reject any bad tetrahedra with four fixed vertices. Another 

solution might be to allow the relaxation of surface nodes, while constrai1}.ing- thàn 

- to lie on a splined conto~r curve that passes throtrgh aU the boundary nodes at 

that particular cross-section. A similar technique has successfully been used in , 

"" . 
two-dimensional node relaxation [Thacker et al. 19801. 
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Figure 7'.5 

The enc\osing polygon of anode. 
The shaded polygon represents the enclosmg pol} gon 
of the mesh node at Its center lt lS made of aIl the 
elem~ts that the node belongs to. 

Figure 7.6 

Relaxing anode outside the kerneJ. 
M<>jing anode ·to the center of the nodes connected to 
it can put it outside the polygon kernel (shaded in the 
figure), producing degenerate elements. 
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Figure 7.7 

Relaxing anode outside-the polygon 
Moving anode can leave it completely outside the poh-
gon, also producing degenerate elements. 
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7.5 Conclusion 

/ . 
Once aH the slices have been processed, the individual meshes -are merged 

to forro the global mesh. The need for improving the, global quality of the mesh 

has led to the use of relaxation techniques. The nodes inside the mesh are relaxed 

to a position at the geometric center of the nodes attached to them. The aspec t 

ratio distribution for the mesh, reflecting the overall quality of the mesh, is then 

computed. Two major problems that can occur during the relaxation phase were , 

described, ~nd possible solutions ta them were presènted. 
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CHAPTER 8 

Results 
o 

8.1 Introduction 

Once an algorithm has been déveloped, it is irhport~nt ta analyze its useful

-ne~s in terms of speed and qua'lity of results. For this purpose, the m:sh generation 

method described in this thesis was tested on several problems of varying com-

plexity. The number of nodes was used-- to characterize the size of each of the test 

problems used in measuring the performance of the method. The testin'g procedure 

wiii be described in this chapter and the rerults of the mesh generation and ·the 
.-

relaxation ~ltl ?e present~d. 

8.2 The TE!sting Procedure 

The method was implemented in 4500 lines of FORTRA~ code on a Digital 

Equipment Cor:poration VAX 11/750 and MicroVAX II. The-testing was done by 

generating several objects of varying complexities, using the program to mesh them 

,. and measuring and analyzing the corresponding run times. The complexity of a , 

problem can usually be measured either by the number of nodes (V) or by the 

number of elements (T) in the mesh needed to model it. These two measures are 

closely related, and the bounds on the number of tetrahedra that an objec~ can be 

discretized into [Woo & J'homasma ,1984] is given by the rela~ion 
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Given the same problem with the same number of nodes, several meshes, having 

different numhers of tetrahedra, can be produced to mesh it. Being the' only con-

trollable input parameter, the number of nodes was used in this instance to measure 

the complexity of a test problem. 

To generate. the test problems, a few contours were digitized and Othe two

dimensional triangulation step was performed, using a set of different resolutions for 

each of them. These triâ.ngulated contours were used to define several s'lices, having 

different numbers o'f nodes and con:tituting a tesf problem each. The meshing 
L 

program was then run several times on each of the slices, using a different starting 

edge at each time .. Data from each run was used to produce a plot of the meshing 

times for eaeh of the sliees, fr~m the differe~t starting ,edges. Although not completè 

problems in themselves, the produced sliees are. portions of eomp~te three-dirhen

. sional prohlems. 

8.3 Running'TiI!le and Complexity 

Figure 8.1 shows the running time plots for problems of 26 and 8q, nodes. The 

times shown were measured in CP U seconds' on the Micro VAX II. As can be seert, 
" 

there are sorne large fluetqations in the time it takes to mesh a slice, depending 

on the starting point for the meshing. Furthermore. these times fall into two or 

three distinct classes \ depending on their value. This can be due to the fact that, 

dependi-ng on t~e starting point, the meshing rapidly converges to o~e' of a few 

possible final mesh states, resulting in similar ru~ingnmes for starting points . . 
converging to the same state. Finding the optimal starti'ng point, however, is still 

an open problem. 

Problems of ~2, 26, ;3.6,46, 58, 68, 74, 80 and 94 nodes were'used in tr!al runs 

• 

# 

... ' ". ê •. : •... :\. , ..1 . 

J 

,. 

.. 



e " 

1 

·0 

.... 

't 

1 

• 

• 

.,'" 1 

, . 
00 

... 
•• 
a. ,. 

0 

.00 

o~--------.---------~--------r--------; 
o 10 10 lDea _ 

Figure 8.1 

AO 

Running time plots. 
The 'two plots shown are for slices of"26 and 80 nodes, respectively. 
The abcissa corresponds to the number of the starting point in the 
shredding and the ordinate to the time, in ~econds, taken to shred the 
slice from a particula't starting point. 
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Figure 8.2 

Time spent.in the different phases. ' ' , 
The time taken to shred thë core and assemble the ring is negligible 
whÈm compared to the time, taken to shred 'the ring. " 
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to estimate the time complexity of the program. Figure 8.2 shows the' average time 

taken in each of th~hree main stages of thp methoà: meshing the core, absembling 

" the ring and meshing tne ring, the relaxation stage being negligible It is clear that 

" • 
most of the time tS spent in the topological shredding phase. An estimate of the 

î 
order of cornplexlty of the method can readily be obtained from this measured data 

by fitting the mean runnmg tlme for each problem agamst the problem size. Using 

a least squares fit. lt IS round that the polynomial 

T = 0.079 NI Il - O.043,v 

-
where ~ is the number of nodes in the final mesh, accounts for 94.0 ~ of the varIance: 

" and prov'ides a good model of the time complexity as a fun,ctlOn bf problem size 

(Figure 8 ~), This suggests..a tlme complexJty of O(S2) for the method to process 

a slice of .V nodes. A generahzatlOn of thlS resu»t to an obJect conslsting of several 

slices follows. 

Consider an obJect composed of'8 sltces and h'avmg a total of H nodes FJlr 
fi' 

any slice. the number of nodes nI IS glven by 

wher~ t l IS the number of nodes. In the top surfaceftriangulation of the slice and 

bl that in the bot tom surface. Assummg that slice index ~ increases from top to 

bottom. the total number of nodes In the obJect IS given by 

An upper hound on ~ 1s easily obtatned: 

a 

L nt = t l - b1 -: t2 + b2 + .:. -'- ta + bd <;: 

1=1 
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.since 

l<t<s 

o 
Subtracting the value of IV yields 

1=1 1=1 

:\ lower bound on N can aiso be obtained: 

ftl -+- ~t2 7" t3 ;- . ~ t;) + ~ba 
'-.... 

addmg ~ (t 1 - ba ) to both sides glves 

t L nI ~ t (t 1 7 ba) = t 1 +- tz + t3 7" ... ~ ta -+- bo = ,\[ 
t=1 

which results m 

1=1 1=1 

or, as an approxirriation, taking nI = n for ail the slices, 

.v < sn 

Assummg Q(n 2
) for each slice usmg the method, the tlme complexit..v is O(sn::!), 

For s > 4, thls IS better than O(N 2 ) 

8.4 The Relaxat Ion 

When slices forming a single object are merged and the aspect ratio histogram 

of the c~mplete mesh is computed, a few badly shaped elements will sometimes 
i 
1 t 

'<T appear, as shown in Figure 8.4. The mesh.represented in this example.- has an 

aspect r~tio sum of 141.8 and contains "four zero-volume elements that were created 

.,by the ilterface tetrahedron operat~r,- As seen in Figure 8,5, the node relaxatio~ 
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Figure 8.3 

Curve fit to runnlflg time -data.' 
The average time taken to shred each sllce i~ plotted agamst the num-
ber of n(vje:,> in the slice, ~nd the resultlflg data point<: fittp,1 to a eurve 
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Figure 8.4 

7S 

Aspect ratio histograrn of a rnesh before the relaxation. 
~otice that there are sorne zero-volpme elernents in the mesh, making 
it useless for computations. The tWo peaks are due to the two types 
of tetrahedra generated by shredding the core, which makes the bulk 
of the rnesh. 
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improves the mesh by shiftingïts histogram to the right and eliminating ait the zero

volume elements. In this particular example "the aspect ratio of the w~t element 

in the mes~, is increas~d .from 0.0 (degenerateJ to 0.1 and the aspect ratio sum is 

increased to 196.8, reftectmg the overall improvement of the elements in the mesh. 
\ 

8.5 Conclusion 

The method was successfully tested by using It to mesh several test problems 

" of varying sizes. The mean runnmg times for t!J.e problems were then fitted to oth€" 
~ 

problem sizes usmg a least-squares- approximation method, obtaimng a complexity 

of O(n i 8) in the range being fitted. This suggestq, a tlme complexity function or 
order O(n 2

) foraslice. The Iteratlv~ node relaxation method used was found,to 

. lJllprove the overall shape of the produced meshes and eliminate degenerate tetra-

hedra m most of the cases. Variations of the method or manual no de repositloning 
" 

could be used to completely elimmate degenerate elements when necessary 
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Aspect rat io hlstogram after the rélaxation 
The zero-volume elem~nts have bee.n eliminated and the ovérall qual-
ity of the mesh Improved. as seen by the shift}ng of the histogram to 

. the right 
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~ CHAPTER 9 

Discussion· 

.-\Ithough three-dimensional mesh generation has already been trea~d by 

several authors. the problem of modelling highly irregular structures had not be~n 

properly addressed yet. • This thesis haS presented a new method for automatic 

generatio; of' three-di'mensional finite element meshes that is especlally useful in 

meshing irregular dori'lains. 

In this method. the geometry of the object is described by a set of cross-

sectlonal contours. generally referred to as seriai sections. The contours are first' 
,r-

triangulated on a grid of nodes. then paired up to form slices. Each slice is meshed 

separately and later merg€lll wlth ail the others to form the ~obal mesh. 

, 

The center of each slice is easily shredded by joining nodes from the tnan-

gulated top and bot tom surfaces of the slice to form pentahedral pnsms that are 

subsequently divided into three tetrahedra each. Once this core has been removed. 

11 a vertex-edge-face polyhedral representation of the -remaining portion of the slice is 

,'" assembled and. passed on to a topological shredder. 

'J'he topological shfedding is do ne through four operators that aGt- on the 

topology of the object by modifying the number of vertices, edges and faces. Two 

cutting operators remove tetrahedra from the object, according to certain rules, and . ' ' 
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c another operator is used to reduce the genus of a multiply-connected,object by per

forming a topologieal eut. Still, not aIl polyhedra are guaranteed to be shredded this 

way, by using only those three opetators, and three classes of irreducible polyhedra 

have been eneountered. A fourth operator can f.urther reduce two of these classes /' 

by fiipping external diagonals, or by introducIng a fiat interface tetrahedron. If a 

polyhedron of the third class is encountered, however, the mesh generation must be 

halted, but lt has been found that the slice can usually still be shredded by restormg 

the sliee structure and restartmg the shreddihg at a different place. 

Onee ail the sliees have been completed, they are merged and the data struc-

'ture rearranged by replacing th~ local node number-ing for each slice by a global one 

forfhë mesh. and deletmg ail duplicate entries. The internai nodes are then relaxed 

to improve the shape and quality of the elements. The method was successfully 

tested on a ~umber of problems and it; tlme complexlty was_ found to be of O~5n2) 

in the number of nooes. 

1 

9.2 ~{odificatlOns and Further Developments 

9.2.1 Branchmg Objects 

Q 

As it stands now, the program cannot handle branehing objects, although the 
\ 

same concepts and operators apply. The main stumbling block lies In the faet that 
... 

a branching object will have different numbers of contour curves at cross-sections 

before and after the branch (Figure 9.1), so tha~ cross-sections of the branches 

have to be matched to their gene~ating cross-section. Several methods have been 

suggested [Sabin & Funnell 1984, Zsuppan & Réthelyi 1985) and can be incorporated 

in the method. 

,/ . -
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Figure 9.1 . 

SectIons of a branchmg obJect. 
Cross-sections of a braflching object The largp cont~ur 
is the cross-section before the branch. The two smaliPr 
ones are the cross-sections after the branch. 
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9.2.2 Optimal Starting Point 

.-\.nother interesting development consists of finding an optimal starting point 

to mesh a given slice. Presently, a starting point is chosen at random. It is rejected 

if the meshing fails. and kept if it succeeds, even if the œsulting mesh is far From 

optimal. Locally and globally optimal two-dimensional triangulations can be pro

duced [Fuchs et al. 19771 without havmg to try ail the possible triangulations of a 

domain but no such solution for thlS problern has been found yet in .three-dimen-

sional meshmg 

9.3 Conclusion 

The method proposed. in thls thesis is a ml.'(ed method combining the speed 
'-

and simpliclty of look-up table shreddmg when possible (in the. core) and the thor-

oughness of topological shredding when necessary (in the rernaining layer). This 

gives it several advantages over existing methods. Mainly, it makes possible the 
Q 

handling of arbi~arily-shaped. highly irregular objects at relatively low cost wrile 
~ 1 

producmg meshes of good quality. The ooly other rnethods to allow handling of , 

arbitrary shapes with good results are the filling methods discussed in section 2.2.3. 

However, filling techmques are computatlOnally more expensive. 'since a theoretical 

lower bound of O( N 2) = 0(82 n 2 ) has been shown for the running time of thr~ -di .. 

mensional Delaunay trian~ulations ,Sham<;>s 1978!, and they present other prob ems .. 
1 

related to non-convex sh~pes and objects with holes, that have already bee dis-

cussed. Since the othe~ 'to~ological methods have been shown to be' incomplet, the 
, . 

method compares weil wit~ other existing autornatic methods, being comput tion-
1 

'ally cheaper than al! but borne of the simple mapping techniques, and pro u9ing 
l 
1 

rneshes of better quality for irregular shapes. ... . 
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APPENDIX 
'ft. 

A Brief Review of Topology 

A.l Topology and Topological Propertles 

It IS not the intention- of thi5 appendix to give a course III topology In-

deed, several excellent books, ranging from the tfttroductory to the highly abstraèt, 

cover the 5ubject very thoroughly ,Alexandroff 1961. Armstrong 1983, Courant 1941, 
. 

Griffiths 1981, Hilbert & Cohn- Vossen 1952, Lakatos 19831. H6wever, a brtef in-

troduction ta topological concepts 15 [fi order to provide a mathematical back-
/ 

ground to the discussions found III sorne of the chapters. Let X -and Y be two 

spaces with a distance function d defined on them, having the following propertles: 

For x,y, z E X, Y 

I. d(x,y) 2: 0 and d(x,y) = 0 Ç::::::> x = y. 

II. d(x,y) + d(y,z) 2: d(x,z) (The Triangle law}. 

fIl. d(x,y) =d(y,x) (TheSymmetry law). 

... [e the function f be a transformation from X to Y. If, for Il, X2 ê X and 

or equivalently, 
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then we say that f is one-to-one, denoted as 1-1. 

The transformation f is said to be continuous at the point Xl if, given (J > 

0, 3p > 0 such _ that 

In other words, to have Yz near YI' it' is sufficient to take Xz near Xl' If f is 

contmuous at ail points, it ts satd to be a continuous transformation or a mapping. 

A very sImple exarnple of a mapping is the mappinK of the unit line segment 0,1) 

onto the unit cir~le by the function 

f(t) = (cos '1:7It. Sln 21ft), 0::; t < 1 

Topology is concerned with those propèrties of point sets which are invariant 

under continuous deformations. These properties are called topologie al properties. 

For exainple, one property of a c1<fs'ed curve drawn on a rubber sheet is that it , 

div Ides the sheet mto two regions, one mSlde the curve and the oth~r outside. 

even If the rubber sheet is deformed, wlthout being tom. The deformatlons in 

question are called topological mappings or homeomorphisms, and they have two 
J .. 

basic properties. 

1. They are one-to-one. 

2. They are bicontinuous, meaning that both f and f - l are continuQus at ail 

points. 

, \ 

Sets of points that can be m~pped into each other by tôpological transfor-

mations are said ,to be homeomorphic or topologically equivalent. As an example 
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consider the mapping of the c~ 

to the circle l 

by the function 

f'Cl~C2, f(x,y) = (2x,2y) 

The two circles are clearly homeomorphic. Note that, unlike this mapping, the 
; 

mapping of the unit segment onto the circle is not a homeomorphism, since f-l 

f~ls to be continuous at the point (r, 0). This makes sense. as it is dear to the eye 

that two circ les are topologically equivalent. whereas a line segment and a clrele are 

not. Properties that are not changed under topological mappings, for example the 

number of cuts (one) it takes to turn a circle into a segment, are called topological 

invariants. 

A.2 Euler's Formula for Simple Polyhedra 

One of the earliest (ând most important for our purposes) topological invari

ants to be identified was the so-called Euler (or Euler-Poincaré) fo~mula for simple 

polyhedra. F9r our present purposes, a polyhedron tS defined as a s6lid wh?se sur

face consists of polygonal faces, and a simple polyhedron as a polyhedron with rio 

'holes' in it so that its surface can be deformed continuously into ,the surface of a 

sphere [Courant 19411. The formula was first used by Descartes and rediscovered 

by Euler. It states that, for any simple polyhedron, 

'V-E+F=2 

where V is the number of vertices in the polyhedron, ,E the number of edges and F 

the number of faces (Figure A.1.a). Proofs can be found in several texts :Courant 
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1941, Lakatos 1983]. Sin e Oit is a topological invariant, continuously deforming the 
~ 

polyhedron does not aff ct the (ormula, and it stands for curved polyhedra, i.e. 

polyhedra with curved s rfaces. This formula Îs not correct however in characteriz-. 
ing objects with holes (F gure A.l.b) since simple polyhedra cannot be continuously 

deformed in~o polyhedr~ with holes, and vice~versa. A modified formula taking "lnto 

account the number of ~oles will be introduced later. 

j 

A.3 Connectivlty and 9ienus 

Two surfaces are; shown III Figure A.2; they are Obvlously not topologically 

equivalent. ~he questiop is whether ~~;. is any way to c1assify them :s differ~nt. 
)row consider this; any dosed curve in Figure A.2.a can be shrunk down to a point . . . . 
inside the surface withgut crossing the boundary. This type of surface is known as 

a simply connected do~ain. This IS not the case in Figure A.2.h. as sh?wn by the 
~ 

c\osed curve drawn inside the surface. This surface represents a rnlltltiply (do 

this c~e) connected domain. Trarulorming this domai~ into a sirnply connec' d one 

will alter its topological characteristics. The opei~tion i~ called a topological eut 
" , 

and involves joinmg the two boundary curves by a double arc (Figure .-\.3). The 

number of cuts needed to transform a multiply connected domain Înto a simply 

connected one is referred to as the gen~s . ..of the dDmain~ Arter 'performing the eut. 

it is clear that the new surface is, simply connected. 

A.4 Orientation 

. , 

We will start this section by defiriing the concept of'a simplex. Generally, an 

N -dimensional simplex is the smallest convex set containing (N + 1) vertices, such_ 

that the (N + 1) vertices are not contained in an (N - l)-dimensional hyperplane. 

Thus a one-dimensional simplex is a straight Une segment; a two-dimensional sim-

1 
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ligure A.l 

Euler's equatiori for simple polvhedra. 
a) SiIl1ple polyhedron V- - E + F:::::: 2 
a) Polyhectron with a hole: V - E -r- F i: 2 

G 
c 

Figure A.2 
(a) Simply and (b) doubly connected domains 

84 

1 . 

( 
c • 1 

• D 

,., 

i· 
.1 

... ",'r 

i 
.--L.~.-..; 



" , , 

1 

)" 

-- -- --------------

;1 
plex is a planar trfà\gular surface; a threp-dimensll!)nal simplex is a tetrahedron, 

. / -. 
, )4/ aoo,,'5G ~OIJ • .-\ .geom~fJ.l~al ~o,rnplex ~~ a ... ~t of si~plice: such, t~at 'any two simplices. 

.,.. ...,. "b _ \ .., t"- 'd .... _ .... f 

either have no points in common. f)r have a ,faCE~ (of any dimension) m cornrnon. A 

fiOlte-èlernent mesn IS an e'Cample l ,f a geometnc comp'ex. 

\ 

\nother imp<Htant concept IS that of onentatlon -\n onented one-dlmen-
1 

sionai simplex IS a dlrected Ime segment (a(,al)' 1 e a o:;egment travprsed from a" . 
to al If we denote the oflented "Irnplex by 

" 

.. 

then 

. JI '(a 1 a,,) 

and 

- a, 1 a 1 -- a 1 a, 1 

"lInlllaNy. an onented two-rllmenslontil "ilmple'C 1:' a tflangle \"Ith a part~cular 'Rnse 

of rotation or \ertices ordermg. so that 

.. 

') 

r- = (allala:d c= (ala'2a'l) 

2 -r 

\fote that to mvert the ~rtentatlon of a trIangle It suffices to fllp the ordeflog of two 

of 1 ts nodes. I.e. 

\ \ 
Denoting the boundary of .r2 by Î2. Ne have 
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An orie,nted g;eometric complex" is iL geometriE: complex whose' simptices are 

oriented. ~ow conslder the ~two-dimenslonal oriented ,comp~x C 2 shown in Figure 
.. ~ 

A -l. 
, " 

and takmg 

we ha\ e that 
) 

(Il" al) - (al ad ~ (a'la'l) r- -
1 

r~ - (a 1112 ) - (a2 a1) (a'la Il --., 
(111 11 2) -~a2a'l) - (ala,) 

,-

c 
1 

whlch lS the onented boundary curve of the complex These concepts are obvlously 

extensible ta V-dlmenslOnal pOint sets: but most Important ta this thesis are the 
' .. 
three-dlmenslonal topology consldenKlons 

. , 
.\ .5 Three-dlmenslonal Topology 

In three dimensions. a 51mply connected polyhedron IS homeomorphJc to a 
, 

sphve. and lilas a genus of 0 .-\-polvhedron wlth one hole is homeomorphlc to 
- -

a torus. .-\ torus 15 not simply connected slnce one eut is not always sufficlent '. 

. , to div ide It in two pleces. Transforming a torus into a simply connected -domam 
\ . 
\ ' 

involves one cut (Figure .-\ 5)~ thus a torus and aIl its homeomorphs have a genus "' 

of 1. Incorporat ing the genus concept mto the Euler formula '( A.1), the modified 

'. Euler formula states that. for. any polyhedron, 

v - E - F := 2 - 2G ' 
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ReduClng thf' genus of cl ",urfa(e 
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where G)s the génus of the polyhedron. Again in three dimensions, co,?-s,idering ~' 

, 

a tw~di!l:lensional complex t'he surface of a t~ree-dimensional polyhedrgn wi~l ~ield 

another intere"g result. Denoting the corpplex shown in Figure A.6 by 

C 2 = , X-t' x2 2 x 2 ~ X-
4
?· L "\ 1 -- X 2 -+- 3 ' 

and its bdundary curve by , 

and. wlthout loss ?f genèral,ty. If weI take' 

6hen substituting for 

results ln 

@ 

) 

x-
L 

) 

Xi 

2 
X'3 

2 
X-t 

X,: = (,alla 1) 

x1 = (lPl a 2) 

_ 1 - xl 1 
- XI - Xs 4 

1 1 -'- Xl ~ X2 - Xs G 

1 1.... 1 
= X 3 ~ X-t - XG , 

1 Xl 1 
-XI - 2 - X 3 

• 
'" 
(:2 = L:i;2 = a 

• L ~'" , 

) 

r-r' 

which makes intmtive sense, since a thr.ee-dimensional solid cannat have a boundary 

curve. This will provide a way to check the consistency of generated structures 

and mesnes. In this 'example, we have assumed that aIl simplices are identically 
-\ 
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Orienter." resulti,ng in a n~ll bO~~~ary 'cur~e for .t·~~ cO~Plex~ ,If, O(1.t~~ o~?er hand, 

we codslder a complex wlth dtfferently 0flented slmphces ,shown ln Figure A. 7, . .. 
the sum 

o 

è' =_.L x: '" '~ 
w,lI yield a non-,ero resul~ ~\ 

è' = 2((an~,) ~ (a,a,) ~ (a,a3) ~ (a3 a4) + (a4 an)) = r -, 
wh,re 8' LS the bound,ry curve separating the two dilferently orie~; ~ reg,ons ln 

th) same spirit, the orientatien c<>ncept IS useful while ge~rating the on'l it&elf. .-\11 

tetrahedra ln the mesh should have the same ortentation. This make~ itl. easier, .for 

example, to compute the boundary surface of the domain for boundary conditions J 

, . 
consiçleratlons. once the mesh is complete, by performing the sum 

Surface = '2.: x; 

where If are the three-dimensional simplices. "I.e. the ttJ:rahedra. This pro pert y is 

4tlso later used in deterniirfing the convexity of a' vertex or an edge. [n addition. aL!, 
" '- . . 

,triangles on the surface of the domain ?houlO be similarly oriented. The orientation 

adopted ID this work is by listing. the nodes counter-clockwise as viewed from the . , 
outside, making the vectors normal to the faces poiet outwards and away from 

. \ . 
the polyhedron. ,-\ny number of triangles ihat are' nat consist~ntly oriented will 

, 

caqse the sum (I::i~) to be different frol'Il .zero, and' equal to twice the separating 

boundary . 
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